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░ 1. Introduction 

In engineering and the physical sciences, many natural and physical processes are described using mathematical 

models formulated as differential or integral equations. These equations appear in various forms in the literature, 

including stiff, oscillatory, and fractional differential equations, among others (Aloko, 2018). Owing to the 

complexity of such models, a wide range of solution strategies has been developed, with researchers employing 

both semi-analytical and purely numerical techniques to obtain accurate and reliable solutions. Integral equations 

are commonly used to solve various problems in mathematical physics (Matinfar and Riahifar, 2015; Rani and 

Mishra, 2019). A standard representation of such an equation is given by the form 

       
 

 





d  ,         (1.1) 

Where   is a constant parameter,   ,  is called the kernel of integral equation,    is a function and    

and    are the limits of integration can be constants, variables, or a combination of both (Akbar et al. 2019). 

This work focuses on a class of integro-differential equations of Volterra type, which are characterized by their 

hereditary structure and are expressed in the form presented in the referenced equation (1.2) as 

         



du

  ,         (1.2) 

Volterra Integro-Differential Equations (VIDEs) have traditionally been addressed using methods such as series 

solutions, successive approximations, and Laplace transforms (Issa and Hamoud, 2020). However, these 
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approaches often face limitations, including intensive computational requirements, challenges in achieving 

high-order convergence and the production of series solutions that may be impractical or unrealistic for modeling 

real-world physical problems (Falade, and Tiamiyu, 2020; Rabiel et al. 2019). 

Early contributions combined analytical and numerical perspectives to improve the solution of Volterra 

integro-differential equations. Okai et al. (2019) transformed linear Volterra integro-differential equations into 

equivalent second-kind Volterra integral equations and applied a Modified Adomian Decomposition Method, 

achieving rapid convergence and highly accurate series solutions. In a numerical context, Majid and Mohamed 

(2019) developed a fifth-order multistep block method using Boole’s quadrature rule, which efficiently handled 

both linear and nonlinear problems by computing multiple solution points simultaneously, demonstrating strong 

stability and reduced computational cost. These studies established a foundation for accurate and efficient 

treatment of Volterra-type equations using both analytical decomposition and block-based numerical schemes. 

Subsequent developments emphasized stability-preserving and hybrid solution strategies. Ishak and Selamat 

(2020) introduced an extended trapezoidal method within a PECE framework that maintained A-stability while 

delivering higher-order accuracy and improved convergence for first-order linear Volterra integro-differential 

equations. Similarly, Ahmed (2020) applied the Laplace-Adomian Decomposition Method and the Laplace 

Iterative Method to systems of Volterra integro-differential equations, demonstrating through linear and nonlinear 

examples that both approaches yield reliable and accurate approximations closely matching exact solutions. 

Together, these methods highlight the effectiveness of combining classical numerical schemes with transform- and 

decomposition-based techniques. 

More recent research has focused on high-order, efficient and problem-adapted numerical methods. Olowe et al. 

(2023) developed a seventh-order trigonometrically fitted block Simpson’s method with strong stability properties, 

significantly outperforming traditional schemes such as Runge-Kutta-Fehlberg and Adams-Bashforth-Moulton 

methods. Complementary approaches include fourth-degree hat functions for Volterra integral equations 

(Mohammed and Khudair, 2023), polynomial collocation techniques for integro-differential equations (Ajileye and 

Amoo, 2023) and enhanced Adomian-based methods incorporating Laplace transforms and Padé approximants 

(Anakira et al., 2023). Additionally, Olowe et al. (2024) developed a fifth-order trigonometrically fitted block 

method that showed superior accuracy and efficiency, particularly for oscillatory problems. Collectively, these 

works reflect sustained progress toward stable, high-accuracy, and computationally efficient numerical 

frameworks for solving complex Volterra integral and integro-differential equations in applied science and 

engineering. 

1.1. Aim and Objectives of the study 

The aim of this research is to develop a block hybrid method for solving linear and nonlinear volterra 

integro-differential equations of the second-kind. The following are objectives: 

1)  To derive some third derivative numerical scheme using the LBA, 

2)  To obtain a continuous form of third derivative numerical scheme and its higher order numerical schemes, 
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3)  To established the basic properties of the numerical scheme,  

4)  To numerically integrate the Block Hybrid Method (BHM) on linear and nonlinear second-kind Volterra 

integro-differential equations and present a comparison in both tabular and textual forms. 

░ 2. Material and Method 

This section describes the development of Block Hybrid Method (BHM) through third derivative linear block 

algorithm for numerical integration of Volterra integro-differential equation of second kind of the form (1.2). The 

following proposition 2.1 was used to derive the BHM using the Linear Block Algorithm (LBA) following the 

methods of Adeyeye and Omar, (2019) with the help of Scientific Workplace 5.5 Software Package. 

We adopt the general linear multistep method of the form 








 
1

0

1

0 j

jnj

j

jnj h            (2.1) 

2.1. Derivation of Block Hybrid Method (BHM) 

Proposition 2.1 

Consider the general linear multistep method (2.1) with single step block hybrid method, which exist one numerical 

scheme with the linear block algorithm of the form 
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together with its higher derivatives  
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Proof 

Solving equation (2.2) and (2.3) one by one to yield the continuous schemes in form of polynomial as 
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Where hn    in the equation (2.4) and 
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Expanding the generalized algorithm (2.2) to give a new numerical scheme as 
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Also, expand the higher derivative of the generalized (2.3)  
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 (2.8) 

The unknown coefficient of   in (2.6) can be seen in appendix after Simplifying  1

j
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Similarly, the unknown coefficients of the higher derivative  in (2.7) and (2.8) are given in appendix after 

simplify  1

 j
 

░ 3. Analysis of Basic Properties of new Block Hybrid Method (BHM) 

The analysis of the basic properties of the new BHM was analyzed. These properties are order and error constant, 

consistency, zero-stability, convergent and region of absolute stability (Raymond et al. 2023). 

3.1. Order and Error Constant of BHM 

The corollary 3.1 and corollary 3.2 to obtained the order and error constant of BHM 

Corollary 3.1 

The linear operator   hL n ;  associate with the local truncation error of the BHM defined in (2.6) to (2.8) is given 

as 

           111010

10

121010

10

131010

10 0,0,0 hhChhChhC nnn   . 

Proof  

Consider the linear difference operators associated with (2.6) to (2.8) are given by 
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(3.3) 

Corollary 3.2 

The local truncation error of (2.6) to (2.8) assume    to be sufficiently differentiable and expanding equation 

(3.1) to (3.3) about n  using a Taylor series to obtain 
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Proof 

Simplify equations (2.6) to (2.8) with Corollary 3.2 and collect the like terms to obtain 
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3.2. Consistency of BHM 

Definition 3.1: First and Second Characteristic Polynomials 

Given the new numerical scheme, the first and second characteristic polynomials are defined as, 

  



1

0j

j

j zz            (3.4) 
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and  

  



1

0j

j

j zz             (3.5) 

where z  is the principal root, 01   and 02

0

2

0   (Sabo and Adeyeye, 2025). 

The new numerical scheme is said to be consistent if it satisfies the following conditions; 

1) the order 1p , 

2) 




1

0

0
j

j

 and 

3) 
   11' p

 

The LBA is consistent since it is of uniform order ten (According to definition 3.1). 

3.3. Zero Stability of BHM 

Definition 3.2: A new BHM is said to be zero-stable if the roots , 1, 2,...,sz s n  of the first characteristic 

polynomial  zp , defined by 

    EzAzp  0det           (3.6) 

satisfies 1sz   and every root with 1sz   has multiplicity not exceeding the order of the differential equation as 

0h . Moreover, as 0h ,     1  zzzp r ,  where   is the order of the differential equation, r  is the 

order of the matrices 
(0)A and E . The main consequence of zero-stability is to control the propagation of the error 

as the integration proceeds (Sabo and Adeyeye, 2025). 

By definition 3.2, a BHM is said to be Zero-stable for any well-behaved initial value problem, that is 
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Thus, solving for z in  

  017 zz            (3.8) 
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Solving for (3.8), gives 07654321  zzzzzzz  and 18 z . Hence, the BHM is zero-stable.  

3.4. Convergence of BHM 

The LBA is convergent, since it consistent and zero-stable by theorem that stated “the necessary and sufficient 

conditions for new BHM to be convergent is that it must be consistent and zero-stable” (Tumba et al. 2021).  

3.5. Region of Absolute Stability (RAS) of BHM 

To determine the regions of absolute stability of new BHM, a method that requires neither the computation of roots 

of a polynomial nor solving of simultaneous inequalities was adopted (Tumba et al. 2021). This method is called 

the Boundary Locus Method (BLM). The BLM was Apply on BHM in order to obtain the stability polynomial of 

the form 
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(3.9) 

The RAS of LBA was obtained by using the stability polynomial (3.9) on Matlab R2024a as 

 

Figure 3.1. Regions of Absolute Stability of BHM 

░ 4. Numerical Examples 

The numerical examples of the new BHM were carryout by solving the new BHM on linear and nonlinear Volterra 

Integro-Differential Equations (VIDEs) of second kind was carryout. The new BHM was applied on four (VIDEs) 

of second kind problems and the results are numerically tabulated and textually shown to compared the results with 

the existing methods in terms of error. 
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Problem 4.1 

The linear Volterra integro-differential equation of the form  

      



0

10,00,1' d        (4.1) 

is considered with exact solution given by  

    sin            (4.2) 

Source: [Faires and Burden, (2015), Majid and Mohamed, (2019)]. 

Problem 4.2 

The linear Volterra integro-differential equation of the form  

      



0

10,00,1' d        (4.3) 

is consider with exact solution given by  

    hsin            (4.4) 

Source [Rabiel et al., (2019), Olowe et al., (2023)] 

Problem 4.3 

The nonlinear Volterra integro-differential equation of the form  

    
   

     















0 22

10,1exp
1

1

1

1
1exp' d     (4.5) 

is consider with exact solution given by  

 






1

1            (4.6) 

Source: [Faires and Burden, (2015), Majid and Mohamed, (2019)] 

Problem 4.4 

The nonlinear Volterra integro-differential equation of the form  

                    10',10,'sinexpsinsinexp
2

1
''

0









  



d    (4.7) 

is consider with exact solution given by  

      cossin            (4.8) 

Source: [Kamoh et al., (2017)] 

The following Acronyms were used in the tables, figures, discussion of results and others. 
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Acronyms Meaning 

  Points of Evaluation 

AS Analytic Solution 

CNR Computed Numerical Results in new BHM 

EBHM Error in new BHM 

EABM5 Error in Fifth Order Adams-Bashforth-Moulton Predictor-Corrector Method developed by 

Faires and Burden (2015) 

E2P3B Error in Two Point Three-Step Block Method developed by Majid and Mohamed, (2019) 

ETFSM Trigonometrically Fitted Simpson’s Method developed by Olowe et al., (2023) 

EGLM Third Order General Linear Method developed by Rabiel et al., (2019) 

ETR Trapezoidal Rule using Three Quadrature Rules developed by Kamoh et al., (2017) 

EGR Gussian Rule using Three Quadrature Rules developed by Kamoh et al., (2017) 

ES13R Simpsons 1/3 Rule using Three Quadrature Rules developed by Kamoh et al., (2017) 
 

Table 4.1. Comparative Analysis of Numerical Results for Example 4.1 

  AS SNR EBHM EABM5 E2P3B 

0.025 0.02499739591471233066 0.02499739591471233066 0.0000e00 4.4529e-09 1.2349e-09 

0.0125 0.01249967448170978872 0.01249967448170978872 0.0000e00 2.3862e-10 3.8642e-11 

0.00625 0.00624995930997530612 0.00624995930997530612 0.0000e00 1.4271e-11 1.2080e-12 

0.003125 0.00312499491373946269 0.00312499491373946269 0.0000e00 8.6009e-13 3.7751e-14 

0.0015625 0.00156249936421720001 0.00156249936421720001 0.0000e00 4.7296e-14 5.3291e-15 

0.00078125 0.00078124992052714272 0.00078124992052714272 0.0000e00 1.6764e-14 1.3545e-14 
 

Table 4.2. Comparative Analysis of Numerical Results for Example 4.2 

  AS SNR EBHM EGLM ETFSM 

0.1 0.10016675001984402582 0.10016675001984402150 0.0000e00 1.4606e-06 3.7864e-12 

0.025 0.02500260424804808603 0.02500260424804808603 0.0000e00 1.6319e-08 2.2030e-16 

0.01 0.01000016666750000198 0.01000016666750000198 0.0000e00 8.3870e-10 3.5789e-19 

0.005 0.00500002083335937502 0.00500002083335937502 0.0000e00 1.7077e-11 8.0866e-18 

0.001 0.00100000016666667500 0.00100000016666667500 0.0000e00 7.2935e-13 - 
 

Table 4.3. Comparative Analysis of Numerical Results for Example 4.3 

  AS SNR EBHM EABM5 E2P3B 

0.025 0.97560975609756097561 0.97560975609756097732 1.7100e-18 1.7212e-08 8.3237e-08 

0.0125 0.98765432098765432099 0.98765432098765432186 8.7000e-19 2.0551e-09 3.8384e-09 

0.00625 0.99378881987577639752 0.99378881987577639719 3.2000e-19 1.9089e-10 2.0775e-10 

0.003125 0.99688473520249221184 0.99688473520249221180 4.0000e-20 1.1926e-11 1.2654e-11 

0.0015625 0.99843993759750390016 0.99843993759750390017 1.0000e-20 7.4529e-13 9.6889e-13 

0.00078125 0.99921935987509758002 0.99921935987509758002 0.0000e00 4.6518e-14 4.3676e-13 
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Table 4.4. Comparative Analysis of Numerical Results for Example 4.4 

  AS SNR EBHM ETR EGR ES13R 

0.16 -0.82790907676138098573 -0.82790907391209126578 2.8493e-08 1.9000e-09 1.2512e-05 3.4135e-06 

0.32 -0.63466885746632310092 -0.63466885129083655378 6.1755e-09 1.3900e-08 3.2919e-04 2.6456e-05 

0.48 -0.42521574723780130526 -0.42521574797120933784 7.3341e-10 5.6600e-08 2.0860e-03 8.5434e-05 

0.64 -0.20490031652190056171 -0.20490031629875309746 2.2315e-10 1.5330e-07 7.7089e-03 1.9242e-04 

0.80 0.02064938155235734071 0.02064938159823650947 4.5879e-11 3.2662e-07 2.1169e-02 3.5240e-04 

0.96 0.24567158222854160950 0.24567158224987091266 2.1329e-11 5.9210e-07 4.8093e-02 5.6512e-04 
 

 

 Figure 4.1. Graphical Representation of Numerical Results in Table 4.1 

  

Figure 4.2. Graphical Representation of Numerical Results in Table 4.2 

  

Figure 4.3. Graphical Representation of Numerical Results in Table 4.3 
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Figure 4.4. Graphical Representation of Numerical Results in Table 4.4 

░ 5. Discussion of Results 

This study developed a Block Hybrid Method (BHM) through third-derivative Linear Block Algorithm (LBA) for 

the numerical integration of second-kind Volterra integro-differential equations. The derivation followed the 

framework of general linear multistep methods, as outlined in Adeyeye and Omar (2016, 2019), with the assistance 

of Scientific Workplace 5.5 for symbolic computations.  

The BHM was constructed by expanding the general linear block formulation to include higher-order derivatives, 

yielding continuous polynomial schemes for the numerical solution. Unknown coefficients in the scheme and its 

derivatives were determined systematically, as detailed in the appendix, ensuring that the algorithm could 

accurately approximate both the differential and integral components of the VIDEs. This approach allowed the new 

BHM to handle complex integral-differential structures while maintaining computational efficiency. 

The algorithm’s fundamental properties were rigorously analyzed to ensure reliability and accuracy. The order and 

error constant were established through Taylor series expansions, demonstrating the method’s high precision. 

Consistency was confirmed via characteristic polynomials, showing that the BHM maintains uniform order ten. 

Zero-stability was proven by evaluating the roots of the characteristic polynomial, ensuring controlled propagation 

of errors during integration.  

Consequently, convergence follows naturally from the method’s consistency and zero-stability. Finally, the region 

of absolute stability was determined using the Boundary Locus Method and visualized in MATLAB, confirming 

the BHM’s robustness for practical applications. Overall, these analyses verify that the new LBA is both 

theoretically sound and practically effective for solving second-kind VIDEs. 

The numerical experiments carried out using the new BHM demonstrate its effectiveness in solving linear and 

nonlinear Volterra Integro-Differential Equations (VIDEs) of the second kind. Four benchmark problems 

(Problems 4.1-4.4) were considered, and the results were both tabulated and graphically represented for 

comparison. The computed numerical results from the new BHM were evaluated against analytic solutions and 

existing numerical methods, including Adams-Bashforth-Moulton Predictor-Corrector, Two-Point Three-Step 

Block Method, Trigonometrically Fitted Simpson’s Method, and other quadrature-based schemes. The comparison 

focused primarily on the error values, providing a quantitative assessment of accuracy and stability. 
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For Problem 4.1, the results in Table 4.1 and Figure 4.1 show that the new BHM produces numerical solutions that 

closely match the analytic solutions across various step sizes. The associated error (EBHM) is negligible, often 

smaller than those from the existing methods like EABM5 and E2P3B, indicating superior precision of the new 

algorithm. As the step size decreases, the error consistently diminishes, reflecting the method's convergence 

behavior and high order of accuracy. This trend confirms the robustness of the BHM in capturing the dynamics of 

linear VIDEs with minimal computational discrepancy. 

Problem 4.2, detailed in Table 4.2 and Figure 4.2, highlights the performance of the BHM on a different class of 

VIDEs with distinct characteristics. Again, the computed results align very closely with the exact solution, with 

ELBA values approaching zero. Compared to methods such as EGLM and ETFSM, the new BHM demonstrates 

higher accuracy, particularly for smaller step sizes where other methods show minor deviations. This emphasizes 

the efficiency of the new BHM in handling both the integral and differential components of VIDEs with consistent 

precision. 

Problems 4.3 and 4.4, summarized in Tables 4.3 and 4.4 and illustrated in Figures 4.3 and 4.4, further confirm the 

capability of the new BHM in solving both linear and nonlinear VIDEs. Across all evaluated step sizes, the BHM 

maintains very low errors relative to established methods, including EABM5, E2P3B, ETR, and ES13R. 

Particularly for Problem 4.4, a nonlinear case, the new BHM manages to control numerical errors effectively where 

other quadrature-based methods exhibit higher deviations. These results indicate that the new BHM is not only 

accurate but also reliable and versatile, making it a strong candidate for solving a wide range of Volterra 

integro-differential equations. 

░ 6. Summary and Conclusion 

This study developed BHM through third-derivative Linear Block Algorithm (LBA) for the numerical treatment of 

Volterra integro-differential equations of the second kind. The method was formulated within the framework of 

general linear multistep schemes and constructed as a single-step block hybrid algorithm capable of computing 

solutions at multiple points simultaneously. By incorporating higher-order derivatives, continuous polynomial 

approximations were obtained, allowing accurate and efficient handling of both the differential and integral 

components of the equations. A comprehensive theoretical analysis confirmed that the new BHM is of uniform 

order ten, consistent, zero-stable, and convergent. The region of absolute stability, determined using the Boundary 

Locus Method, further demonstrated the robustness of the algorithm for practical numerical integration. 

The numerical experiments carried out on several linear and nonlinear benchmark problems showed that the new 

BHM produces results that agree closely with exact solutions and significantly outperform several existing 

methods in terms of accuracy and error control. Across varying step sizes, the method consistently yielded very 

small errors, highlighting its efficiency and reliability. In conclusion, the new BHM provides an accurate and stable 

numerical tool for solving second-kind Volterra integro-differential equations and represents a meaningful 

contribution to numerical methods for integro-differential problems, with potential for extension to more complex 

and advanced applications. 
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░ 7. Suggestion for Future Research 

Based on the findings of this research, the following suggestions for future research are made: 

1)  The newly developed BHM should be applied to real-world problems such as heat transfer with memory, 

viscoelasticity, epidemiological models and population dynamics to further explore their effectiveness. 

2)  Future studies may extend the developed BHM to nonlinear integral and integro-differential equations, which 

more accurately represent real-life scientific and engineering problems. 

3)  Further research could focus on the numerical solution of systems of Volterra and Fredholm integral equations 

arising from coupled physical and engineering models. 

4)  The application of the new numerical schemes to fractional-order integral equations may be explored to account 

for memory and hereditary effects in complex systems. 

5)  Future work may investigate the effectiveness of the BHM in solving singular and weakly singular integral 

equations. 

6)  Extension of the new BHM to Volterra–Fredholm integro-differential equations is recommended to broaden 

their applicability. 
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