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ABSTRACT

This paper addresses a stability analysis of a heavy point with variable mass. The dynamic equation of the variable mass is considered and different
stability conditions in the sense of Lypunov were established for a given trajectory in the vertical plane. To justify the accuracy of the results
obtained, a specific numerical example is provided and simulation results are displayed using MatLab.
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1. STATEMENT OF THE PROBLEM

Variable-mass systems are systems which have mass that do not remain constant with respect to time. It is known
that in such systems, Newton’s second law of motion cannot directly be applied. Instead, a body whose mass m
varies with time can be described by Newton’s second law by adding a term to account for the momentum carried

by mass entering or leaving the system [1],[2], [3].

_dp _dmv) _ dv am
F_dt_ ac dt+vdt’ (1)

Variable mass systems have been the focus of a large number of problems in different areas like mechanics and
mathematics by different scholars [4],[5].Consider a particle of mass m which is moving with velocity (v). Its linear
momentum isp=mv. According to Newton’s second law, the change of the linear momentum p in time t is

determined by

F =m—=ma. (2

Where F is the net force acting on the particle. If the particle has a constant mass, the above equation reduces to

Newton’s second law of motion described as:

d(mv)

dm
ar F + uE, (3)
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However, in practice we encounter the movement of a body with variable mass. This is the case for rockets,
balloons, falling drops and ice crystals. The differential equation of translator motion of a rigid body whose mass m
is dependent on time is of the form

d(mv) d_m
—— =F+u—, 3)

Where F is the resultant of all forces acting on the body and u is the velocity of the added mass before being joined
to the body (dm/dt>0), or that of detracted mass after being separated from the body (dm/dt<0). If we do not
consider the dependence of m on speed we [5] obtain

dv

am
mE—F+(u—v)E. (4)

Unlike the case of linear systems, proving stability of equilibrium points of nonlinear systems is more complicated.
A sufficient condition [6],[7],[8],[9],[10] is the existence of a Lyapunov function. Lyapunov’s indirect method that
investigates the local stability of the equilibrium is inconclusive when the linearized system has imaginary axis

eigenvalues.

The stability analysis of a dynamic system with variable mass is, to the best of understanding of the researchers, is
less common in the existing literature. Consequently, the main target of this article is to carry out stability analysis
of a heavy point with variable mass constrained to move along a trajectory in the xz-plane, in the vertical direction
based on the dynamic equation of a variable mass [5] developed by Mesheriskii 1.V. given by equation (5) below.
The paper established a sufficient stability condition for different given cases in the sense of Lyapunov direct
method.

=0 (- D — 2VRZF 224 — 2VAT + 222

: , (5)
F=2(n— 1)z - 2VZZ+ 222 + 2NEZ + 225 — g

Where m = m (t) is the mass of the heavy point (m <0), u=u(t),n=n(t)-the projection of the velocity of the varying

mass point on thex, z —coordinate plane respectively,

X=k 1 v*2,Z=k 2 v*2- normal and tangential components of the external force acting on the point mass (the

impact of the environmental force acting on the point mass) respectively , g-gravitational acceleration, k 1=k 1
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(t),k_2=k_2 (t)- coefficients of the impact force acting on the point mass along the X and Z-components

respectively, and v=y (x *2+z "2 )-velocity of the point mass in the vertical plane.

2. STABILITY ANALYSIS

Consider eq.(5).

L _m 2 o e T 2 o
¥=—(u—1Dx——=vVx?+22x — 2x% + 2%z
m m m

. . (6)
F="(n— 1)z —2VEZ + 222+ 2NR2 + 22 — g
Suppose that the point mass is constrained to move along a trajectory given by:
x = ¢(t)
: 7
M 7

Substituting the values of x and z given in eq.(7) into eq.(6) and considering v ', #0, we obtain a sufficient

condition that makes the heavy point mass to move on the constraint trajectory. Solving for p and n leads to the

_ mf kl‘i""kzll’ .9 i2

y_1+m<¢+—m¢ /qo +1p)
_qym(by gy ke [ o)
kn 1+m<¢+d)+ s (p+l/)>

Using the free variables u, 1 and m, it is possible to establish conditions for stability of the motion along the given

following system of equations.

(8)

trajectory described by eq. (7).

In the following sections, stability conditions for the motion of the point mass along the trajectory given by eq. (7)
relative to newly introduced position coordinates(x_1,x_3) and velocity coordinates (x_2,x_4)is discussed.

Transforming eq.(8) to a systems of first order differential equations yields:

( 561 = X2
. P 1 k@2 +k3 ko % +k,1p?
Xy = £+ — 2@ 2Y Xy - 29 2y X4
@ me P2+1)2 m_|@2+2
. 9
* %5 = x4 : (9)
ko[ @2+9? ! ko @3+ko pip?
X, =% A 4 X, + f_l_g_(z‘ﬂ 209?) X,
U\ o VOV ey
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Where x_(2, ) x_4 are velocities and x_(1, ) x_3 are position coordinates.
It is assumed that the coefficients in eq. (9) are continuous and bounded for all t>t 0[8],[11].

Consider the velocity equations in the system of eq. (9)

p
. 9 1 k@2 +k, 3 ko @2 +ko1)?
Xp=|-+ —F—7 X% —| —F/7— | X
P\e me Jor+i? : m ot |
) . (10)
2 1,2 ‘i - 3 )
x4=k_"z: <p+t/J. X, + %_I_%_(kz? +k2¢Tp) Xa
\ JPEe mip |2 +h2

To investigate the global stability of the system in eg.(10) let us consider a Lyapunov function candidate given by:

V(x2,x4) = %% + 4%,

Which is obviously positive definite function and is radially unbounded.
Now,

dv_ov. oV
At~ ax, 2 gx,

['gﬁ+ 1 kzlj;<p2+k21j;3\ | ka9? +k2¢ .
N v ) iz 4]

(k2¢3+k2¢¢2)\ ]
X4
my @2 + 2 /

= 2x2

g
¥

—) Xy + $+

[ . . . ]

_ f+ 1 kyp@? + k)3 xz_ﬁ @ + 2 ox

o me [ Pom\ [T
(,02+¢2 (p2+1p2

[kz @* + sz f_*_ % _ (ko@® + k2¢¢2)\ x42]

e m [+ )
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¢ Y, g 2 1 ko @3 +ka 9 o | ka@Ptkapd
=2 (£x2+(f+f)x )— ( - X4+ ———mmx .
97 T\ )7 ¥ 4 ¢ 2

m ,(p2+1];2

Substituting

(k2¢3+k2¢’1;[)2)x 24 k2¢¢2+k2d’3x 2

R(t,xz,x4) = 5 4 (p 27

We obtain

2| (e s (o)) - 2

Hence, for dV/dt to be negative in a certain region

X2 +x42 < H, t >t

The sufficient condition that needs to be satisfied is:

S, . (11)

Consequently, the motion of the heavy point mass is asymptotically stable in its velocity provided that the
conditions in eq.(11) are satisfied.

Moreover, it is possible to verify that when the conditions in eq.(11) are satisfied, the heavy point mass motion is

asymptotically stable in terms of its position coordinates(x, x3).

Examplel: Letx = ¢(t) and z = ap(t), wherea # 1 and ¢ # 0

Substituting x = @(t) and z = a@(t) in the stability conditions given in eq.(11), we obtain
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( ? <o,

.. w

£+ 2 <o,
¢ ap

k, > —k,a?,

\k,a? < —k,,for a > 0.

A

2.1 The case when there is no Tangential Force acting on the mass ( k, = 0).

In this case, eq. (10) is reduces to

I{ X, =—X
2 =X
-2
5(4,: -+ — 4
Y Y

Suppose the Lyapunov function candidate is given by:

V =e™®(x,2 + x,2),

Where m(t) is the mass of the heavy point. Then,
av aov N av .
At ox, 2 ax,

:em<m+2£>x22+em<m+2£+2£>x42.
@ 2

The condition that needs to be satisfied for asymptotic stability (dV/dt<0) is:.
( .
m< —2 f
.. ¢
Lm <2¥_,8
L

Example 2: Let

xX=¢p=t =>x=¢=1=i=¢=0,

z=Y=—10t= z=9=—-10= Z=9 =0,

And
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z=9Y=—10t= z2=9py=-10= =1 =0,

Then based on eq.(12), the asymptotic stability conditions are
—2e 2t < 0and—2(e %'+ 1) < 0.

Indeed, let us claim that the system is stable for Lyapunov function given by:

V =e™®D(x,2 + x,2).

Then
dv _ov. v
At~ ox, 2 gx,
y

= em (m+2%)x22 remm+25+29 %2

Substituting the values of m,p,y,g,m ¢ v, and y", from the given example we have:

V=e?"(—2e72t + 0)x,2 + ¢ ' (—2e72 — 2)x,2
= —2[(6‘2t+e_2t)x22 + Z(e‘z”e_Zt + ee_u)xf] < 0.
That is, V <0 for non-zero values of x_2,x_4.

Let us see the simulation result using MATLAB 2008B based on the given data in this example.Since,k_2=0, it

follows that the system represented by eq.(9)reduces to:

( X1 =..9Cz
X —Ex
2 @ 2
< X3 = X4
x4:<£+g>x4
\ ()

Accordingly, the coefficient matrix A is

(=N e
S o O
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In this case the general solution of the system Ax=0, where x=(x_1,x_2,x_3,x_4 )"(-1),

1 1 0 0

0 0 0 _t
c1|o+c tce3|1]+cy <—0.7071> e

0 0 0.7071

wherec_1, [ ¢] _2,c_3andc_4 are arbitrary constants.

iS given by:

[=XoNo]

The simulation graphs of the above data for different initial positions are displayed below.

Velocity vectors converging to the equilibrium line

B
00—, 1
@ 1
|
80— - 1
/ i
60~ ! \ ‘
Equilibrium line 1 .
- = 1 Velocity vectors with
40 i | different intial :
. ~_ “conditions

-120  -500

(13)

From the figure above, one can infer that, for distinct initial conditions, the velocity vectors converge to the

equilibrium line given by eq. (14) below which guarantees asymptotical stability.

x = —51
y=0,
z =100

Where LeR.
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3. CONCLUSION

In this paper a stability analysis of dynamics of a heavy point with variable mass is made using Lyapunov direct

method. In each of the different cases it is assumed that the heavy point mass is constrained to moving along the
trajectory x=@(t) and z=y(t)vertically. Based on this trajectory different asymptotic stability conditions were
constructed and numerical example verifying the applicability of the result is provided. The asymptotic stability
conditions obtained in this article can be applied to different variable mass systems moving upwards in the vertical
direction as it is demonstrated using examples. Moreover, as the constraining trajectories used in this article are
general functions and any other convenient trajectory can be chosen as needed and stability conditions be

developed in a similar manner.
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