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ABSTRACT

The hyperbola represented by the binary quadratic equation 2x?2 —3y2 =15 is analyzed for finding its non-zero distinct integer
solutions. A few interesting relations among its solutions are presented. Also, knowing an integral solution of the given hyperbola, integer
solutions for other choices of hyperbolas and parabolas are presented.

2010 Mathematics subject classification:11D09.

Keywords: Binary quadratic, Hyperbola, Parabola, Integral solutions and Pell equation.

1. INTRODUCTION
The binary quadratic Diophantine equations of the form ax* —by? = N, (a, b,N = O) are rich in variety

and have been analyzed by many mathematicians for their respective integer solutions for particular values
of a,b and N. In this context, one may refer [1-13]. In this communication concerns with the problem of
obtaining non-zero distinct integer solutions to the binary quadratic equation 2x? —3y? =15 given by
representing hyperbola. A few interesting relations among its solutions are presented. Also, knowing an
integral solution of the given hyperbola, integer solutions for other choices of hyperbolas and parabolas are

presented.

2. METHOD OF ANALYSIS

The binary quadratic equation representing hyperbola is given by
2x*-3y* =15 (1)

Taking X=X +3T,y= X +2T (2)

in (1.1), it simplifies to the equation

2 T2
X“=6T“-15 3)

The smallest positive integer solution (TO, X, ) of (3) is
T,=2,X,=3

To obtain, the other solutions of (3), consider the pellian equation
X2 =6T%+1 (4)
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whose smallest positive integer solution is
T,=2,X,=5 (5)

The general solution (ﬁ )Zn) of (4) is given by
X, +6T, =(5+2V6) " n=012..

Since, irrational roots occur in pairs, we have )Zn - \/Efn = (5 — 2\/€)n+1, n=0.12...(6)

~

From (5) and (6), solving for >Zn T, we have

) n !

X, = %[(5+ 26" + (6246 )"

_1g
2 n
T - %[(5+ 28] - 5- 2\/6)”*1}
1

2\/69!’]

Applying Brahmagupta lemma between the solutions (TO,XO) and ('ITn,Xn), the general solution
(T, X,,,) of (1.3) is found to be

Tn+l = fn +—0, (7)

Using (7) and (8) in (2) we have
Xn+1 =X + 3Tn+1 yn+1 =X n+1 + 2Tn+1

n+1

9 7 ) 7 3 (10)
=2t +-J6 =i +2J6
2 n +4 gn 2 n 2 gn

Thus, (9) and (10) represent the integer solutions of the hyperbola (1). A few numerical examples are given
in the following table 1:

Table 1: Examples

n Xn+1 yn+1
-1 9 7
0 87 71
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1 |s61 703
2 8523 | 6959

3 | 84369 | 08887
4 | 835167 | 681911

Recurrence relations for x and y are given by:

X3 -10 Xz T Xpg = 0 *)
Ynis —10 Yoo T Yna = 0

(**)

A few interesting relations among the solutions are given below:

1) SXyp = Xpy =6y, =0.
2) Xz —X,q —12y,., =0.
3) 5y, +4X,; — VY., =0.
4) 5Y,.5— 4%, —49Yy,,, =0.
5) 49X,,, —5X,,; —6Y,.5 =0.

6) 49X,.,—X,,—60y,,=0.
7) 49y, — VY. +40x,,, =0.
8) 49y,., +4X,, —5Y,,; =0.
9) X, —10x,,, +X,.;=0.
10) 6y,,, +49X,,, —5X,,3 =0.
11) 6Y,,, +5%,,, — X3 =0.
12) 6y, .5 +X,,, —9X,,; =0.

13) 5Xn+1 —Xpio T 6yn+1 =0.

14) 5Xn+1 —Xpio T 6yn+1 =0.
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5 116 X35 —14Ys3,,4 + 3116 X, 1 14y, )
1148y, ~14y,.s + 31148 X, 1 14y, , )

| B2, 2B+ 3(2812 X,..5.z50. . )
R 3(12X,.5 102y, )
e 3116 X, 112y, , )

> 1148 X3nsa —142 Yanis T 3(114’8 Xn+2—142yn+3 )

15) 5yn+2 ~Yoa— 4Xn+?_ =0.

16) Ynis _8Xn+2 —Yoa = 0.

17) 49X,,; — X, + 60y, ., =0.

n+3

18) 4'9Xn+2 _5Xn+3 + 6yn+l =0.

19) 49 Yni2 — 4Xn+3 - 5yn+l =0.

20) 49 Ynis _40Xn+3 “You = 0.

21) 5yn+3 - 4Xn+3 Y2 = 0.

22) Ynis -10 Yoiz t Yo = 0.

23) Xii2 _5Xn+3 + 6yn+3 =0.
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24) Each of the following expressions represents a cubical integer

T1Xq0.5 = TXgnya +3(71X
15

N+1-7X%,,» )

25

245

60

25

5

25
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3n+5 1406 y3n+3 + 3(12 Xn+3 —1406Y,,¢ )
245

> 116 X3n45 —1406 Yania T 3(116 Xn+3—l406yn+z )
25

> 1148 X3n+5 —1406 Yanes 3(1148 Xn+3—1406yn+3 )
5

> 6Y30.4 —58Ygn,s + 3(6yn+2—58yn+1 )
10

> 6Y3n+5 —-574 Ysnis T 3(6yn+37574yn+1 )
100

5 5805 — 574 Yan,4 +3(58 Yni3-s7ay,., )
10

> o8 Yanis — 574 Yania t 3(58 yﬂ+3—574Yn+z )
10

25) Each of the following expressions represents the Nasty number:

5 180+ 426x,,,, —42Y,,.5
15

5 300+ 696X,,,, —84Y,,.;
25

, 2940+ 6888x,,,, ~84y,, .,
245

| 720+16872x,,,; ~1704x,,,,
60

300+ 72X,,., —852Y,, .,
25

>

5 60 +696X,,,; —852Y,,.,
5

Website: www.iijsr.com



'y' Indo-Iranian Journal of Scientific Research (I1JSR)
S R Volume 1, Issue 1, Pages144-153, October-December 2017
PROGRESS THROUGH RESEARCH
> 300+ 6888x,,,, —852y,, .,
25

| 2940+72x,,,, ~8436Y,,,
245

5 300+ 696x,,,, —8436Y,,.,
25

, 60+ 6888x,,,, ~6276y,,.,
5

> 120+ 36y,,., —348y,,.,
10

5 1200+36Y,,., —3444y,,,
100

, 120+348y,,,, —3444y,,,,
10

1200+ 2812X,.,, — 28X,,.,
100

26) Each of the following expressions represents the bi-quadratic integer:

(2900X4n+4 - 350y4n+5 )+
4'(:I-:I-6Xn+1 - 14yn+2 )2 - 1250
25°

(281260X4n+4 - 3430y4n+6 )
L 4(1148x, ., —14y, )’ —120050
2457

[(168720x4n+5 ~17040x,, ¢ )+ }

4(2812x,,,, — 284x, ., )* — 7200
g 60°
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[(300X,,,5 —3550y,,,4 )+
> —4(12Xn+2 _142yn+1)2 —1250
252
[(580X,0,5 = 710Y 10,5 ) +
, l40aex,, 142y, ) -50

52
(2940x,, ., — 344470y, ., )+ }

. 4(12x,,, —1406y, , ) —120050
2457

_(2900X4n+6 - 35150y4n+5 )+

_4(116Xn+3 - 1406yn+2 )2 - 1250j|
252

_(5740X4n+6 - 7O30y4n+6 )+
| 4(1148x,,, —1406y, , )’ —50
52

[(28700x,, 5 — 3550y, )+

_4(1148Xn+2 B 142yn+3 )2 B 1250j|
25°

[(60Y 40,5 —580Y 40,4 )+
200

_4(6Yn+2 —58Y,,4 )2 —
10?

(600y4n+6 - 57400y4n+4 ) +
4(8Y,., —574y,,,)° —20000
1007

(580,15 —5740Y,,.5) +
200

4(58yn+3 - 574yn+2 )2 B
10?
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{(1687200x4n+4 ~16800x,,,, )+ }
0

N 4(2812x,,, — 28x,,, ) — 72000

600°

(1065X,,,, —105X,,.5)+
4(7 1Xn+l - 7Xn+2 )2 —450

152

3. REMARKABLE OBSERVATIONS
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1) Employing linear combinations among the solutions of (4.1), one may generate integer
solutions for other choices of hyperbola which are presented in table 2 below

Table 2: Hyperbola
S.NO HYPERBOLA (X,.Y,)
1 6X,2 —Y,2 =5400 | (71%,; —7X,.,18X,,, ~174x, )
2 6X,2—Y,?=15000 | (116x,,-14y,,36Y,,, 284X, ,)
3 6X,” —Y,” =1440600 | (1148x,,,—14Yy, 5,36Y,.; —2812X,, )
4 6X > —Y >=86400 | (2812x,,,—284X,.;,696X,,, —6888X,,,)
5 6X,2—Y,?=15000 | (12x,,-142y,, 348y, , —28X,,,)
6 6X,.2—Y,% =600 (L16x,,, ~142y,,,,348Y,,, — 284X,,)
7 6X,”—Y,” =15000 | (1148x,, 142y, ,,348Y, .~ 2812X,,,)
g 6X,” —Y,” =1440600 | (12x,.,-1406y, 3444y, , — 28X, ;)
9 6X,>—Y,> =15000 | (116x,,,-1406y,,, 3444y, , — 284X, ;)
10 6X 2—Y?=600 | (148x,,-1406Yy, 3444y, . —2812X,,,)
11 6X,>—Y,> =2400 | (6Y,,,—58Y,..142Y,,-14Yy,.,)
12 6X,2 —Y,2 =240000 | (6y,,; 574y, 1406y, 14y, ;)
13 6X,2—Y,2=2400 | (58y,,,—574Y,,,1406Yy, , 142y, )
14 6X,%—Y. > =8640000 | (2812 X,,, —28X,.5,72X,,; —6888X,.,)
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2) Employing linear combination among the solutions for other choices of parabola which are presented
in the table 3 below

Table 3: Parabola

S.NO PARABOLA (X Y, )

1 Y.? =90X . —5400 (30 + 71Xy, 5 — 7Xon,5:18X%,,,, — 174X, ;)

2 Y ? =150X , —15000 (50 +116 X,,,, —14Y,,.5.36Y,., — 284X, ., )

3 Y 2 =1470X  —1440600 | (490 +1148 X,,,, —14Y,,.,,36Y,.; — 2812 X,,,)

4 Y, ? =360X, —86400 (120 + 2812 x,, ., — 284 x,,.,,696 X, . —6888 X, )
5 Y,? =150X, —15000 (50 +12x,,,, —142y,, ,,348Y,,, — 28X, ,,)

6 Y,? =30X, —600 (10 +116 x,,,., —142Y,, 5,348y, , — 284X, ,)

7 Y ? =150X , —15000 (50 +1148 x,,., —142y,,.,,348y, ., — 2812 X, , )
8 Y 2 —1470X_ —1440600 | (490 +12x,,., —1406y, , 3444y, , — 28X, ;)

9 Y,? =150X , —15000 (50 +116 ,,,, —1406 v, .;,3444 y, ., — 284X, )
10 Y,? =30X, —600 (10 +1148 x,,,, —1406 vy, ,, 3444y, , — 2812 X, ., )
11 Y. ? =60X,, —2400 (20 +6y,,., —58Y,,.,.142y, ., 14y )

12 Y ? =600X, — 24000 (200 +6y,,., —574Y,,,,,1406 y , —14Y, ;)

13 Y. ? =60X, —2400 (20 +58y,,., —574Y,,.,1406 y, ., —142y, ;)

14 Y.? =3660X,, —8640000 | (1200 +2812 X,,,, — 28X,,.,,72X,,, — 6888 X,,,)

3) Properties

Let P,Q be two non-zero distinct integers such that p >q > 0, treat P, (as the generators of the Pythagorean
triangle T(a,,B,y)

where @ =2pqg, f=p*—q°,y=p°+q*,p>q>0

Treating P=X,; + Y4, =X it is observed that T(a,ﬁ, 7/) is satisfied by the following relations:

3aa—-p -2y =15

n+l1

A
A" =g+ -
5 B-y

Xna -1 M = yn+l_1
’ 2

Consider N =

It is observed that
2ty —3t;,, =2, t;,, = Triangular number of rank M.

yn+1 +l

Suppose we take M = 4

It is seen that
2t — 3ty = 2,1,y =Hexagonal number of rank M.

A
ZE = XnaYnn
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where A, P represents the area and perimeter of T(a, S, 7)
Let M, N be two non-zero distinct positive integers.

4. CONCLUSION

In this paper, we have presented infinitely many integer solutions for the Diophantine equation, represented by
hyperbola is given by 2x* —32y* =15 As the binary quadratic Diophantine equations are rich in variety, one
may search for the other choices of equations and determine their integer solutions along with suitable properties.
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