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ABSTRACT

The binary quadratic equation x2 —8xy+y? —6x—6y+18=0 representing hyperbola is studied for its non-trivial solutions. The recurrence relations
satisfied by the solutions x and y are given. A few interesting properties among the solutions are presented.
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1. INTRODUCTION

The binary quadratic Diophantine equations (both
homogeneous and non homogeneous) are rich in variety [1-6].
In [7-20], the binary quadratic non-homogeneous equations
representing hyperbolas respectively are studied for their
non-zero integral solutions. However, in [14] it is shown that
the hyperbola represented by 3x®+xy=14 has only finite
number of integral points. These results have motivated us to
search for infinitely many non-zero integral solutions of yet
another interesting binary quadratic equation given
by x?-8xy+y?—6x—6y+18=0 . The recurrence relations
satisfied by the solutions x and y are given. Also a few
interesting properties among the solutions are exhibited.

2. METHOD OF ANALYSIS
The Diophantine equation under consideration is

X2 —8xy+y? —6x—6y+18=0 (1)
Itis to be noted that (1) represents a hyperbola. By shifting the
origin to the center (1,1), (1) reduces to

X2 -8XY+Y2=-24 )
where x=X-1Ly=Y-1 3)
Again setting

X=M+3N,Y =M-3N 4)
In (2), it simplifies to the equation

M2 =15N? + 4 ®)
Now, consider the Pellian equation

M2 =15N? +1 (6)

Whose general solution (N,,M, ) is given by

; :ﬁ{(u\/ﬁ)mf(mx/ﬁ)m} :

~ 1 +1 +1
My =E{(4+\/E)n i) } n=012..
Thus, the general solutions (N,,,M, ) of (5) is given by

Ny = 2N, =%{(A+\/ETH—(4—\/ETH}

Z
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M, :2|\7|n :{(4+‘/E)Ml+(4ﬂ/ﬁrﬂ}

Taking the advantage of (3) and (4), the sequence of integral
solutions of (1) can be written as

X, =M, +3N, —~1=2M, +6N, —1 (7)

Yo =M, —3N, -1=2M, —6N, -1, n=012,.. (8)
Thus (7) and (8) represent the non-zero distinct integral
solutions of (1). The above values of X,, and Y, satisfy
respectively the following recurrence relations.

Xni2 —8Xpyg +Xp =6,

Yni2 —8Xpp +X, =6, n=012,..
Some numerical examples of x and y satisfying (1) are given
in the Table 1 below.

Table 1: Examples

n Xp Yn
0 13 1

1 109 13
2 865 109
3 6817 865
4 53677 6817

From the above table, we observe some interesting relations
among the solutions which are presented below.

I. Both the values of X, Y, are positive and odd.
I1. Each of the following expressions is a Nasty Number:
L. 3(9%zni1—Xani2 +12)

3
2. 5(71X2n+1 ~Xany3+102)

3' 3()(2n+1 +Yomut 6)
4. 3(9X2n+1 —Yon+3 +12)
5. 3(72xzn,2 ~9Xzn .3 +66)

IS

3
g(X2n+2 +9Xgn g +42)

~

. 3(9Y2n+2 —Xon+2 +12)
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10.
11.

12.
13.

[11. Each of the following expressions is a Cubical Integer:

' 4(9)(3n-¢-2 —Xgn43t 27Xn 73Xn+1 Jr32)

[EEN

1
Z(szs + 71y, +324)

3
8
3(71y 20,3 —9Xq.3+66)

(71y2n+2 —X2n+3 Jr102)

3(y2n+1 +Yons2 t 6)
3
g(QYZnﬂ +Yoniz t+ 42)

3(9Y2ns2 — Yonsiz +12)

256(71X 304 — Xan 14 + 213X, —3Xq, 2 +280)
HXgn42 + Yani2 +3%q +3y, +8)

4(9%gn12 — Yansa + 27Xy —3Yp.p +32)
A(71Xg0,3 — IXgnsa + 213X g — 27Xy + 248)
256(x3n+3 +9X3n40 +3X4q + 27X, + 40)

49y 3013 — Xans3 +27Yns1 — X1 +32)
15876(x3n w4+ T11Y30 0 +3X, 0 +213y, + 288)
256(71y 30453 — X3n44 + 213Yn11 —3Xn 5 +280)
4(71y3n 14 =304 +213Y 0 — 27X 0 + 248)
HYans2 + Yanss +3Yn +3Yns1 +8)

256(9Y 302 + Yans4 +27Yn + 3.2 +40)
4(9y3n+3 ~Yan+a +27Yn11 —3Ynsa + 32)

IV. Each of the following expressions is a Bi-Quadratic

Integer:
1.

© o N 0D

e el
w b = o

8(9%4n+3 —Xansa +36Xzn 14X zn.2 +52)
4096(71X4n+3 —Xans +284Xon.0 —4Xon 3 + 446)
8(Xans3 +Yansa +Xani1 +4Yzn.1 +22)

8(9X4n+3 = Yan45+36Xon,1 —4Yoni3 + 52)

8(71X4n+4 79X4n+5 + 284X2n-¢-2 736X2n+3 +322)
4096()(4n+4 +9Y4ns3+4X2n12 +36Y 2041 +146)

8(9y4n+4 —Xanta t 36y2n+2 —4Xoni2+ 52)
2000376(X 415 + 71y an 43 + 4Xon 13 + 284y, +1116)

4096(71Y 414 — Xan+5 + 284y 2040 — 4Xon 43 +446)
8(71Yan+5 —9Xan5 + 284y, 3 ~ 36X, 3 +322)
8(Yans3+Yansa +4Y2ns1 +4Yons2 +22)
4096(9Y4n+3 +Yanss +36Y2ni1 +4Yon 3 + 146)
8(9Yan+4 — Yanss +36Y2ns2 —4Y2n.3 +52)

V. Relations among the solutions:

1. Xn =Yn41

g b WODN

. X

n =8Xpi1 —Xp2 +6
« Xns1=8Xp—yn+6
© Xny1=VYne2

. 63X =8Xp 0 +Y, —54
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« Xny1=8Yny —Yn +6
. Xpyo2 =63%x, -8y, +54
« Xpyp =63yn,y —8y, +54

© 00 N O

« Xpy 2 =63yn,2 -y, +54
10. y, =8X, —Yn,2 +6
11, yp.0 =8Xp —Xpeo +6
12. 8yn.p =Xy +Xpip—6
13. 8Yni2=Yna+Xni2 6
14. Yni2=8Yn1—Yn +6

3. REMARKABLE OBSERVATIONS

1) Employing linear combinations among the solutions of (1),
one may generate integer solutions for other choices of
hyperbolas which are presented in the Table 2 below.

Table 2: Hyperbola

S.
No (x.Y) Hyperbola
9Xp = Xps1 +8, ) ,
L [xn+1—7xn -6 3X," —=5Y," =48
71xn —Xn+2+70, ) )
2 (xmz —55x,, —54 3Xp" —5Y," =3072
Xp+¥Ypy + 2,
3. [Xn _yn J 3Xn2—5Yn2=48
n n
9%y —Yns2 +8, , )
4 [ymz -7x,—6 3X,"-5Y," =48
213X p,q — 27Xy +186,
5. TXpyp —55% g —48 X2 _5Y,2 ~ 48
Xpa1 +9Y,, +10,
> {X:j 7,6 ] 3X,? ~5Y,” =3072
Y —Xpa 8, ) )
k [Xnﬂ —TYn—6 3Xy" —5Y," =48
8 Xnez + TlYn + 72 3X,” ~5Y,” =190512
. Xpig —59Y, —54
71yna —Xns2 +70, ) )
. [xw —55y,,1 —54 3Xp" —5Y," =3072
71y =Xy +62, , .
10. (7xn+2 —55y,,, —48 3X,"—5Y," =48
+ +2, _
11, | Bot¥par2¥mmve) 3X,2 ~5Y,2 =48
9Yn + Yns2 +10,
12' [ynjz —7n;: -6 j 3X,” -5V, =3072
Wni1—Yni2 +8 ) ,
13 [yn+2 ~TYn —6 3Xn -5Y," = 48

I1) Employing linear combination among the solutions of (1),
one may generate integer solutions for other choices of

parabolas which are presented in the Table 3 below.
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Table 3: Parabolas

S. No. (x.Y) Parabola
1 [9X2n+1 Xon+2 +12]
Xns1 = 7Xp —6 6X,, —5Y,2 =48
2 (71X2n+1 X2n+3 +102J
Xny2 — 55X, —54 48X, —5Y,? =3072
3 [X2n+1 +Yonu +6 j
6X,, —5Y,% =48
4. (9X2n+l Yon+3 +12 ]
Yni2 = 7Xp —6 6X,, —5Y,> =48
5 [71X2n+2 —9Y2n43 +66, j
TXpy2 — 55Xy —48 6X,, —5Y,2 =48
6 (X2n+2 +9Yon41 +42, j
Xns1 = 7Yn =6 X, —5Y,2 =64
7 [9y2n+2 —Xons2 +12, ]
Xns1 = TYna —6 6X, —5Yn2 =48
8 (X2n+3 +T1yon, +324, ]
Xns2 —55Y, —54 378X, —5Y,2 =190512
9. (71)/2n+2 X2n+3 +102']
Xns2 —55Yny —54 48X, —5Y,,2 =3072
10. (71)/2n+3 Xons3 + 66,]
X4 =55y, —48 6X,, —5Y,2 =48
11. [y2n+1+y2n+2 +6J
Yns1 = Yn 6X,, —5Y,2 =48
12 [9y2n+1 +Yoniz +42, ]
Ynez = 7Yn —6 48X, —5Y,,2 =3072

13. [9y2n+2 —Yonis +12~]

Yni2 = 7Ynia —6 6X,, —5Y,2 =48

4. CONCLUSION
In conclusion, one may search for other patterns of solutions
and their corresponding properties.
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