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ABSTRACT

The non-homogeneous sextic equation with five unknowns given by 2(x+y)(x3 —y‘°’):39(z2 —WZ)T4 is considered and analysed for its non-zero
distinct integer solutions. Employing the linear transformations x=u+v,y=u-v,z=2u+v,w=2u—-v,(u=Vv==0)and applying the method of

factorization, three different patterns of non-zero distinct integer solutions are obtained. A few interesting relations between the solutions and
special numbers namely Four dimensional numbers, Polygonal numbers, Octahedral numbers, Centered Pyramidal numbers, Jacobsthal numbers,

Jacobsthal-Lucas numbers, Kynea numbers and Star numbers are presented.
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1. INTRODUCTION

The theory of Diophantine equations offers a rich variety of
fascinating problems [1-4] particularly, in [5, 6] Sextic
equations with three unknowns are studied for their integral
solutions. [7-12] analyze Sextic equations with four
unknowns for their non-zero integer solutions. [13-16]
analyze Sextic equations with five unknowns for their
non-zero integer solutions. This communication analyzes a
Sextic equation with  five unknowns given by
2(x+y)(x3—y3):39(22—w2)r4 . Infinitely many Quintuples (x,
Yy, Z, w, T) satisfying the above equation is obtained. Various
interesting properties among the values of X, y, z, wand T are
presented.

2. NOTATIONS
» Polygonal number of rank n with size m

Ton = n{1+ W}

» Star number of rank n
Sp= 6n(n —1)+1

» Octahedral number of rank n
OH, =%(n(2n2 +l))
» Centered Pyramidal number of rank n with size m

m(n —1)n(n +1)+ 6n

CPmn = 5
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» Four dimensional Figurate number of rank n whose
generating polygon is a pentagon

3n* +10n° +9n? +2n
4

Fans =

» Jacobsthal number of rank n
1 n _(_ n
I _g(z (- )
» Jacobsthal-Lucas number of rank n
jn=2"+(-1)
» Kynea number of rank n

Ky, = (2” +1)2 -2

3. METHOD OF ANALYSIS
The non-homogeneous sextic equation with five unknowns to
be solved is given by

2x+ y)(x3 - y3): 39(22 —WZ)T4 (@)
The substitution of the linear transformations

X=U+V,y=U—-V,Z=2U+V,W=2U—V,u=V=0 2
in (1) leads to
3u?+v? =39T1* 3)

(3) is solved through different approaches and different
patterns of solutions thus obtained for (1) are illustrated
below:

3.1 Pattern: 1
Assume T=T(a,b)=a+3b% a,b>0 (4)
Write 39 as
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39=(6+iv3)6-iv3) (5)
Using (4) and (5) in (3) and employing the method of
factorization and equating positive factors, we get
(v+i\/§u)= (6+i\/§)(a+i\/§b)‘J
Equating real and imaginary parts, we have
u=u(a,b)=a*+24a%0-18a%h* — 72ab’ + 9b*
v=\v(a,b)=6a* -12a%h ~108ab? + 36ab® + 54b*
Employing (2), the values of x, y, z, wand T are given by
x =x(a,b)=u+v="7a* +12a%h~126a%h? —36ab’ + 63b*
y=y(a,b)=u-v=-5a*+36a%h+90a’h? —108ab’ —45b*
z=12(a,b)=2u+v=8a* +36a%h —144ah? —108ab> + 72b*
w=w(a,b)=2u—-v=—-4a* +60a% +72a’b® —180ab* — 36b*
T=T(a,b)=a%+3b?
Which represent non-zero distinct integer solutions of (1) in
two parameters.

Properties
» 234(0OH,)-z(al) - 2w(a,1) = 0(mod2)

» 504F, 5 —X(L b)—246CPg , ~105Tg , =—1(mod2)
> 2{T(1,b)-1}is a nasty number

3.2 Pattern: 2
One may write (3) as

vZ +3u% =39T**1 (6)
Also, write 1 as

1:ﬁ1L~/54-ﬂ“_~/5) 7)

Substituting (4), (5) and (7) in (6) and employing the method
of factorization and equating positive factors we get

(v+ i\/§u)= KMZL‘JH—‘/E) (a+ i\/gb)4

Equating real and imaginary parts, we have

u=ufa, b)=%(7a4 +12a°b—126a°b® —36ab’ + 63b4)

(8)

v=v(a,b)= % (Sa4 —84a°h —54a°b” + 252ab° + 27b4)

9)
The choices a=2A and b=2B in (8), (9) lead to
u=u(A B)=56A" + 96A’B-1008AB? — 288AB> +504B*
v=V(A,B)=24A" —672A%B - 432A%B? + 2016AB® + 216B*
In view of (2), the integer values of X, y, z, wand T are given
by
x=x(A B)=80A* —576A%B ~1440A%B? +1728AB® + 720B*
y=y(A B)=32A" + 768A°B-576A’B? — 2304AB° + 283B*
z=7(A B)=136A" — 480AB - 2448A%B? +1440AB> +1224B*
w=w(A, B)=88A" +864A°B ~1584A%B? - 2592AB° + 792B*
T=T(A B)=4A% +12B°

Which represent non-zero distinct integer solutions of (1) in
two parameters.
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Properties
> W(1,B)-x(1,B)-72(T, +4320CP, 5 + 24Sg = 0(mod2)

> T(z” ,1)+1an +4j, -16 = 4Ky,
> 3{x(AA)-y(A,A)-22(A, A)}is a nasty number

Remark
It is worth to note that 39 in (5) and 1in (7) are also
represented in the following ways

34743 )3-i743) - lL+iaV3)i-iad3)

39:(

4 49
_ lo+i5v3)o-i543) _ h1+iaVa)a1-ias3)
4 169

By introducing the above representations in (5) and (7), one
may obtain different patterns of solutions to (1).

3.3 Pattern: 3
Write (3) as
3(u2 —T4): 36T -v?

(10)
Factorizing (10) we have
3(u +T2)(U7T2):(6T2+v)(6T27v) (11)
This equation is written in the form of ratio as
2 2
derl b s o (12
Which is equivalent to the system of double equations
3bu+av—(6a+3bJT2=0 (13)
—au+bv+(—a+6b)'|’2=0 (14)
Applying the method of cross multiplication, we get
u=-a+3b2+12ab (15)
v=6a’—18b2 +6ab (16)
T2 =a%+3p? (17)
Now, the solution for (17) is
a=3p°—q? b=2pg, T=3p?+q° (18)

Using (18) in (15) and (16), we get
u=u(p,q)=-9p* +72p°q+18p°q* —24pq® —q*
v=v(p,q)=54p* +36p°q—108p°q* ~12pq° + 60
In view of (2), the integer values of X, y, z, w, T are given by
x =x(p,q)=u+v=45p* +108p°q —90pq® —36pq> +5q*
y=Y(p,a)=u—v=-63p* +36p%q+126p°q* ~12pg° - 79*
z=2(p,q)=2u+v=36p* +180pq - 72p’q> —60pq° + 4q*
w=w(p,q)=2u—v=-72p* +108p°q +144p°q* —36pq°> —8q*
T=T(p.a)=3p" +

Which represent non-zero distinct integer solutions of (1) in
two parameters.

Properties
> 27(1,q)+w(t,q)+156(CPg )= 0(mod3)

-2, if nisodd
> TI2"1)-3 6j, =1
( ) Wn+6n {10, if nis even
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> 468(CPs ) 2x(p.1) - 2y(p) - 2(p1) = O(mod2)

4. CONCLUSION

First of all, it is worth to mention here that in (2), the values of
z and w may also be represented by z=2uv+1,w=2uv-1 and
z=uv+2,w=uv-2 and thus, will obtain other choices of

solutions to (1). In conclusion, one may consider other forms
of Sextic equation with five unknowns and search for their
integer solutions.
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