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ABSTRACT

The binary quadratic equation represented by the positive pellian y? =87x? +13 is analysed for its distinct integer solutions. A few interesting
relations among the solutions are given. Further, employing the solutions of the above hyperbola, we have obtained solutions of other choices of

hyperbolas, parabolas and special Pythagorean triangle.
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1. INTRODUCTION

The binary quadratic equation of the form y? = bx?+1 where
D is non-square positive integer has been studied by various
mathematicians for its non-trivial integer solutions when D
takes different integral values [1-4]. For an extensive review
of various problems, one may refer [5-20]. In this
communication, yet another interesting hyperbola given by

y?=87x%+13 is considered and infinitely many integer
solutions are obtained. A few interesting properties among the
solutions are presented.

2. METHOD OF ANALYSIS
The positive pell equation representing hyperbola under
consideration is,

y? =87x% +13 1)

The smallest positive integer solutions of (1) is x, =1y, =10
The general solution (x,,y,) of (1) is given by

Where,
f,=(o8+3J87 ] + o8 -3/57 [
9n :(28+3\/§T+17(2873\/5)H1

Applying Brahamagupta Lemma between (x,,y,) and (X, V),
the other integer solutions of (1) are given by

24/87x,,,, = V87f, +10g,,

2y =10f, + ‘/agn

The recurrence relations satisfied by the solutions x&y are
given by

Xn43 =56Xn 2 +Xpy1 =0

Yn+3~56Yn42 +Ynia =0
Some numerical examples of X & Yy satisfying (1) are given
in the Table 1 below:
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Table I: Examples

n X, Y

0 1 10

1 58 541

2 3247 30286

3 181774 1695475
4 10176097 94916314

From the above table, we observe some interesting relations
among the solutions which are presented below:

1. x,,y,Vvalues are alternatively odd and even.
2. Each of the following expressions is a nasty number

o 40X2n+3 - 2164X2n+2 +156

13
¢ Xonis —15143%pn,, +1002
91
¢ 30ania~15138%p,,, +1002
91
¢ 120Yon.4 ~3389868Xy, , + 244452
20371
o 2164%pn,4 ~121144%5, 5 +156
13
¢ 16235y, 261X50,5 +1092
91
o 6492Y5,5-60552X50,5 +156
13
o 1623y, 4 —847467Xy,, 5 +1092

91
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& 363432y5, 5 ~1044xy,, 4 + 244452 S 28,0 =Vnu +261X,.0
20371 % Yoz =28y,0 + 261X,
. 90858, 5 —15138X 4 +1092
« e 91 e R Yni1 =Yn+3 —522Xp 2
0‘0 —
w 363432y, —3389868X,,.4 +156 < 1567Yn.2 =28Yn.q +261Xn,5
13 & 1567Y,,3 = Yns1 +14616X ., 3
o 232Y9n42 —4Yon+3 +156 ¥ 28Yn,3=Yni2+261Xy3
s Yz =56Yn. Y
o 3247y2n+2 —Yonia + 2184 ne ne i
182

12988 232 156 3. REMARKABLE OBSERVATIONS
X Yanta ~ 23 onia ¥ i) Employing linear combinations among the solutions of (1),

13 . . .
one may generate integer solutions for other choices of
3. Each of the following expressions is a cubical integer ~hyperbolas which are presented in the Table II below.

% 1521204y, 4 —1082X 30,3 + 60X, p —3246X 1) Table I1: Hyperbolas
, 10X 3,5 —30286X 3,3 +30X 43
% 1192464
: [— 90858x .1 S.NO (XY) Hyperbola
% 3312410y, 4 —5046X 31,3 + 30y, —15138X ) 58x.. .
n+ n+2: 2 2
1 [10xn+2 _541Xn+1] Y*#-87X* =1521
, 20 —564978X 3,3 + 60
o 41497764‘[ 13(;;”4*9534 3n+3 y””j ) 3247X 141 — X i3y , )
- X _ —
ni 10x,,; - 30286% .1 Y2 —87X? = 4769856
& 15 j(1082x3n+5 —60572X 30,4 + 3246xn+3j " »
—181716x,,, i1~ Yns2s ) -
) n+ 3 10y,., 50 46)(”“) Y2 _87x% =132496
% 33124(541y 3,3 —87Xgn.4 +1623y,,4 — 261X p,5)
4 30286 Yz, Y2 _87X?2 = 414977641
10y,,,5 — 292489, —87X" =4149776

& 169 1082Yansa ~10002x5, 4 +3246Y,.
—30276X .2 5 [3247xn+2 —58Xp,3, )

2 2
541X ,,3 —30286X 1 » Y —-87X=1521

o 33124[541y3n+5 — 28248934 +1623yn+3]

—84T467X 1,2 10Xy, —58Y .1,
6 541 87x Y2 _87X? =132496
o 169[60572y3n+5 —564978X 3,5 +181716Y 3 Yn+1 =6/ Xns2
—1694934x 5
541x,,,, —58 ,
. 7 ni2 7> Y2 _87x% =169
% 1521(116Y30.,3— 23014 +348Yn.1—6Yni2) 541yn,p —5046Xp,,

7

% 1192464(3247y31,53 — Yanss + 9741yn 1 —3Yni3)

7

& 1521(6494y3, 4 —116y3y,5 +19482y,,, —348y,,3) 8 Y? -87X? =132496

541y .3 —282489xX,,,»

Y2 —87X? = 414977641

(30286xn+2 ~58Y .3 ]

10x Xn+3 _3247yn+lv ]

4. Relations among the solutions 30286y 41 —87Xny3

®,
0.0

Xp43 =56Xn,0 —Xn41

A Bnig =924 nezy J Y2 _87X2 —132496

30286y, —5046X .3
*® 3Yni2 =28Xp2 —Xna

** 3Yni1=Xni2 —28Xp4 10 (
% 3Y,,3=1567X,0 — 28X, [

1 30286X 1,3 —3247Y .3, ] V2 g7x? 160
% 168y, = Xp,3 —1567X4 30286y, 3 — 282489, 3 =
R 6Yn+2 =Xns3 —Xns1 10y,.,5 — 541y,1.1,
* _ 12 87Y2 - X?=132327
% 168yn,3=1567Xp,3—Xn41 58141 — Yns2
R4 28Yn41=Yns2 — 261X,
% 28y,.5=1567y,,, +261x,,; 13 @(Z?a 30286y n+1,] P ata07a7s
Ynil —Yn+3
R 1567yn+1 =Yn43 _14616Xn+1 n m
R 3Yni1 =28X,3—1567X 2 14 541y,,3 —30286y, >, ) )
& By = Xy.g— 28X 3247y, ~58y,.3 87Y2 - X% =132327
n+2 n+3 n+2

** 3Yni3 =28X;,3—Xni2
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ii) Employing linear combinations among the solutions of (1),

one may generate integer solutions for other choices of
parabolas which are presented in the table 111 below.

Table Ill: Parabolas

(X,Y) Parabola
no
1 [ngnﬂ e j 174X% =39Y -1521
10X 13 — 541X 5,0 -
2 3247X 41 — Xns3s o 1082y - 23812
10X 5,4 —30286x,,,, ) | S/ X =1092Y -2384928
3 [541)(“1 o ] 87X% =182Y - 66248
10y 51,5 —5046X 512 =182Y -
2_
4 30286)(r1+1 ~Yni3s 174X =20371Y
10y .4 — 282480%,,,, ) | — 414977641

5 (3247Xn+2_58Xn+3v J 64X2 =13Y —507

541X 5,4 — 30286X 513

6 [10)(“*2 B j 87X2 —182Y — 66248
541y 0.0 —87X2n3 -
7 [541)("*2 ~ e j 174X2 =13Y —169
541y on.3 —5046X 5,3 - -
302862 —58Yn.3, 87X2 =182Y — 66248
8 541y2n+4 - 282489X2n+3
9 [10X ni3 —3247Yn.1, ] 174X2 = 20371Y — 414977641
30286Y 2012 —87X2n44
10 541Xn+3 _3247Yn+2v 2
30286y, 5 5046x,,., | | E7X° =182Y ~66248
[30286xn+3 —3247y,.3, J
11 | {30286y 2,.4 —282489X 2.4 ) 174X 2 =13Y —169
12 [10yn+2 - 541y"*1'] 2X2 =3393Y —132327
58Yon+2 — Yonss B
10y .3 —30286Y 1,1, X? =95004Y — 207488736
13
3247Y 0.2 = Yonia
14 [541y"+3 ~ 3028542 j X2 = 3393Y —132327
3247Y 013 —58Y 2014 B -

iii) Consider m=x,,n=x,,,.0bserve that m>n>0. Treat m,
n as the generators of the Pythagorean triangle T(a,5.7),

where a=2mn g=m?-n?,y=m?+n?

Then the following interesting relations are observed.
a) 20-878+85y=-26

b) 6y-8%a+ 348% =26

2A
c) 3 Xn+1Yn+1
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4. CONCLUSION
In this paper, we have presented infinitely many integer
solutions for the hyperbola represented by the positive pell

equation y? =87x?+13. As the binary quadratic Diophantine

equations are rich in variety, one may search for the other
choices of pell equations and determine their integer solutions
along with suitable properties.

REFERENCES
[1] L.E. Dickson, History of theory of numbers, vol.2,

Chelsea publishing company, New York (1952).

[2] L.J. Mordell, Diophantine equations, Academic press,
London (1969).

[3] S.G. Telang, Number Theory, Tata MC Graw Hill
Publishing Company, New Delhi (1996).

[4] David M. Burton, Elementary Number Theory, Tata
McGraw Hill Publishing Company limited, New Delhi,
(2002).

[5] M.A. Gopalan, S. Vidhyalakshmi and S. Devibala, “On
the Diophantine Equation 3x?+xy=14" Acta Cinecia Indica,
Vol - XXXI1IM, No.2, 645-648, 2007.

[6] M.A. Gopalan and G. Janaki,
y?=3x?>+1 7, Acta Cinecia Indica, vol- XXIVM, No.2,
693-696, 2008.

“Observations on

[71 M.A. Gopalan and G. Sangeetha, “A Remarkable
Observation on y? =10x?+1”, Impact Journal of science and
Technology, 4(1), 103-106, 2010.

[8] M.A. Gopalan and R. Vijayalakshmi, “Observations on
the integral solutions of y?=5x?>+1 >, Impact Journal of
science and Technology, 4(4), 125-129, 2010.

[91 M.A. Gopalan and B. Sivakami, “Observations on the
integral solutions of y?=7x*+1”, Antarctica Journal of
Mathematics, 7(3), 291-296, 2010.

[10] M.A. Gopalan and R.S. Yamuna, ‘“Remarkable
Observations on the binary quadratic equation

y2=(k2+1)><2+L kez-{o} 7, Impact Journal of science and
Technology, 4(4), 61-65, 2010.

[11] M.A. Gopalan and R. Vijayalakshmi, “Special
Pythagorean triangle generated through the integral solutions

of the equation y2=(k2—1><2+1 ”, Antarctica Journal of
Mathematics, 7(5), 503-507, 2010.

www.ajast.net



Asian Journal of Applied Science and Technology (AJAST)
Volume 1, Issue 6, Pages 41-44, July 2017

[12] M.A. Gopalan and G. Srividhya, “Relations among
M-gonal Number through the equation y?=2x*>+1 7,
Antarctica Journal of Mathematics, 7(3), 363-369, 2010.

[13] M.A. Gopalan and R. Palanikumar, “Observation
on y? =12x?+1”, Antarctica Journal of Mathematics, 8(2),
149-152, 2011.

[14] M.A. Gopalan, S. Vidhyalakshmi, T.R. Usha Rani and
S. Mallika, “Observations on y? =12x? -3, Bessel Journal of
Math, 2(3), 153-158, 2012.

[15] M.A. Gopalan, S. Vidhyalakshmi, J. Umarani,
“Remarkable Observations on the hyperbola y?=24x?+1 7,

Bulletin of Mathematics and Statistics Research, 1, 9-12,
2013.

[16] M.A. Gopalan, S. Vidhyalakshmi, D. Maheswari,
“Observations on the hyperbola y? =30x?+1”, International
Journal of Engineering Research, 1(3), 312-314, 2013.

[17] M.A. Gopalan and B. Sivakami, “Special Pythagorean
triangle generated through the integral solutions of the
equation y2=(kz+2k)><2+1 », Diophantus. J.math., 2(1),
25-30, 2013.

[18] T. Geetha, M.A. Gopalan, S. Vidhyalakshmi,
“Observations on the hyperbola y?=72x?>+1 >, Scholars

Journal of physics, Mathematics and statistics, 1(1), 1-3,
2014.

[19] S. Vidhyalakshmi, M.A. Gopalan, S. Sumithra, N.
Thiruniraiselvi,  “Observations on the  hyperbola
y? =60x%+4”, JIRT, Vol 1, issue 11, 119-121, 2014.

[20] M.A. Gopalan, S. Vidhyalakshmi, T.R. Usha Rani, K.
Agalya, “Observations on the hyperbola y®=110x*+1 ”,

International Journal of multidisciplinary Research and
Development, Vol 2, issue 3, 237-239, 2015.

© 2017 AJAST Al rights reserved.

Page | 44

www.ajast.net



