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ABSTRACT

The cubic Equation x® +y® =84(z+w)p? is analyzed for its patterns of non — zero integral solutions. Five patterns of solutions are illustrated. A

few properties among the solutions are presented.
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1. INTRODUCTION

Integral solutions for the homogeneous (or) non
homogeneous Diophantine cubic equation is an interesting
concept as it can be seen from [1, 2, 3]. In [4-9, 12, 13], a
few special cases of cubic Diophantine equation with 3and 4
unknowns are studied. In [10, 11], cubic equations with 5
unknowns are studied for their integral solutions. In this
communication, we present the integral solutions of an
interesting  cubic  equation  with 5  unknowns

x3 +y® =84(z +w)p?. A few remarkable relations between
the solutions are presented.

2. NOTATION USED
tn - Polygonal number of rank nwith sizem.

3. METHOD OF ANALYSIS
The cubic Diophantine equation with five unknowns to be
solved is given by,

x3 +y?® =84(z + w)p?

)

The substitution of the linear transformation
X=U+V,y=U—-V,Z=U+p,W=Uu—p,u=v=0 2
in (1) leads to

84p? = u? +3v? 3)

(3) is solved through different approaches and the different
patterns of solutions of (1) obtained are presented below.

3.1 PATTERN: 1
Assume p=a® +3b? (4)

Write as 84 = (9+i/3)(9—i/3) (5)

Substituting (4) & (5) in (1) and employing the method of
factorization, we have

(u+i/3v)(u—iv/3v) = (9+i/3)(9 —iv/3)(a +i/3b)(a +i/3b)

Consider
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u+iv/3v = (9+iv3)(a +iv/3b)?
u+iv/3v = (9a% — 6ab — 27b?) +iv/3(a? +18ab —3b?)  (6)

Equating real & imaginary parts
u =9a® —6ab — 27b?
v=a? +18ab — 3b?

Sub u, v&pin (2), we have
X = U+ Vv =10a® +12ab — 30b?
y = U—Vv=8a%—24ab —24h?
Z=u+p=10a° —6ab — 24b*
W =U-p=8a’ —6ab —30b?

PROPERTIES
> y(@,b)-z(a,b)-ts, =0(mod19)

> 2x(a1)+y(@l) -tsg, =24(mod27)
> z(ah)-w@l)-tg, =a+6
> w(l)—-x(@l1)+ts, =1(mod17)

3.2 PATTERN: 2
Write (3) as

u? —81p? =3(p? —v?) 7

Write (7) in the form of ratio as

u+9p_3(p—v)_g
p+v  u-9p _ﬂ'ﬂ?&O ®

Which is equivalent to the system of double equations
Pi—av+p(9f—a) =0 )
au+3vB—-3p(f+3a)=0 (10)

Solving (5) & (6) by method of cross multiplication we’ve,
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p=34°+a’
u=9ax2 +6ap — 278>
v=382—a%+18ap

(11)

Substituting (11) in (2), the integer solutions of (1) are given
by,

X(a, B) = 8a? — 248 + 2403

y(a, B) =10a? =302 1208

2(a, B) =10a? — 2487 + 608

W(a, B) =8a? —30% +6af

PROPERTIES
> X(a))+2y(a))~t,6,=4(mod1l)

> Z(a)-w(al)-ts, =a+6
> z(a)) - x(a))—tg, =0(mod17)
> 2w(a))-y(a))+tg, =0(mod17)

3.3 PATTERN: 3
Write (8) as
u+9% p-v «a

= =—,0D# 0 12
3(p+v) u-9 g p (12)
which is equivalent to the system of double equations
Pu—3av+p(O9pL—-3x)=0 (13)
au+ H—p(f+9a)=0 (14)

Solving (13) & (14) by method of cross multiplication

we’ve,
p= ,BZ +3a?
u=27a’-94% +6ap
v=2-3a%+18ap8

(15)

Substituting (15) in (2), the integer solutions of (1) are
given by,

X(a, B) = 24a® 8% + 24ap
y(a, B) =30a® —108° —12af
2(a, B) = 30a® 8% + 60

W(a, B) = 24a® —108° + 6af

PROPERTIES
> z(a)) —x(a))) +ty, ,,=0(mod 13)

> 2 -wlad) -ty =2mods)

3.4 PATTERN: 4

Write (8) as
u+9p 3(p+Vv) «a
—:—:—, O 16
oV u—9 ﬂﬁi (16)
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which is equivalent to the system of double equations
P+av+p(9f—a)=0 17
ou -3/ —pBL+9x)=0 (18)

Solving (17) & (18) by method of cross multiplication
we’ve,

p=-38°-a°
u=9a2-274°+6af
v=a?-38%-18ap

(19)

Substituting (19) in (2), the integer solutions of (1) are
given by,

X(a, B) =10a? —304% —12ap
y(a, B) =8a? - 248% + 240
2(a, B) =8a® =308 + 6af

W(a, B) =100 — 248% + 603

PROPERTIES
> 3w(al) —z(al) —6 = 62 is a nasty number
> Z(a))-x(a)) +tg ,=0(mod17)
> y(@)-w(al)+tg, =0(modl17)
> az(al)-y(ad)—tsg,, =6(mod23)

3.5 PATTERN: 5
Write (8) as
u+9p p+v  «a

= =—,p#0 (20)
3p-v) u-9p p
which is equivalent to the system of double equations
Pu+3av+p(9pf—-3a)=0 (21)
au—p—p(f+9)=0 (22)

Solving (21) & (22) by method of cross multiplication,
we’ve

p=-3"-p°

u=27a’-94%+6ap

v=3a%-p%-18ap
S;bstituting (23) in (2), the integer solutions of (1) are given

(23)

X(a, B) =30a? -1048% —12ap8
y(a, f) = 24a% —88% + 24ap3
2(a, B) = 24a® —108% + 603
W(a, B) =30a? -88° +60f
PROPERTIES

> w(@l)-z(al)~ty,,=2(mod5)

> x(al)-z(al)+ty,, =0(mod13)

> wW(a)-y(al)+ty,, +tg, =0(mod14)

> 2x(a)) +y(al)—tq,, =7(mod35)
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4. CONCLUSION
To conclude, one may search for other patterns of solutions
and their corresponding properties.
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