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1. INTRODUCTION 

Linear integral equations are used to model many original in engineering, chemistry, and physics. Other disciplines, 

Note that most integral-differential equations give solutions in a closed form. It is therefore important to propose 

new methods of finding solutions to differential equations [1-3]. Many methods have been developed to solutions 

the integral-differential equations  of two-dimension templates , assembly method, the homotopy perturbation 

method, the Adomian decomposition method, Laplace transform method, Sumudu transform method, Elzaki 

transform method and many others. One example of linear integral-differential equations is the three-dimension 

linear volterra (LVIDEs), which are obtained from modeling in engineering applications. The general 

three-dimension (LVIDEs) in the following by: [14-15] 

0 0 0
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Where, ( , , )u x y t are the unknown function, and the functions H  and g are analytic in the domain of interest. 

P. S. Laplace (1749–1827) introduced the idea of the Laplace transform in 1782: [2-6]  

The Laplace transform denoted by the operator L is defined as 

 
0

( ) : ) ( ) , 0tL f t e f t dt t


 
 

                          (2) 

The triple Laplace Transform is denoted by: 

 3
0 0 0

( , , ) : ( , , ) ( , , )x y tL f x y t e f x y t dxdydt    
  

                                  

Where, , , 0x y t  and , ,  
 
are Laplace variables (complex values), and 
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              (3) 

is the inverse triple Laplace transform. (denoted by the operator 
1

3L
 ). 

AB STRAC T  

In this work, we have discussed the different properties of the triple Laplace transform like Linearity property, Convolution theorem property, 

differential property, triple integral property, and the examples application to solve linear Volterra Integro-differential equations in 

three-dimensions.  
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The structure of this paper is organized as follows: In Section 2, we study the existence and uniqueness of the 

solution of Eq. (1) , and In Section 3 , we study basic definitions and the use of Linearity property, Convolution 

theorem property of ( , , )f x y t , ( , , )g x y t  ,definitional and Integral property ,  and In Section 4 , the examples 

application to solve linear volterra integro-differential equations in three-dimensions , finally the Conclusions of 

this paper .  

2. ON THE EXISTENCE OF THE SOLUTION (LVIDES) OF THE THREE-DIMENSIONAL [14] 

In this subsection, we investigate the existence and uniqueness of solution of Eq. (1) , on the complete metric space 

of complex valued continuous functions as follows: 

     ( , ) , , sup ( , , ) ( , , ) : ( , , )M C S d d g z g x y t z x y t x y t S     

Where,  [0,1] [0,1] [0,1]S     

Theorem: 2.1   Let g  and H  be continuous functions on 
3[0,1]  and [0,1] [0,1] C  respectively and there exists 

nonnegative constant 1L  such that 

                     
( , , , , , , ( , , )) ( , , , , , , ( , , ))

( , , ) ( , , )

H x y t k r s u k r s H x y t k r s v k r s

L u k r s v k r s



 
 

Then, 
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( , , ) ( , , ) ( , , , , , , ( , , ))

yx t
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has only one continuous solution u  on S  . 

Proof: For the proof, see [14] 

Corollary: 2.2    If the hypothesis of theorem 1 hold, then the equation (1) 
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with initial condition  

       
0 1 2 3

4 5 6

(0,0,0) , ( ,0,0) ( ), (0, ,0) ( ), (0,0, ) ( ),

( , ,0) ( , ), ( ,0, ) ( , ), (0, , ) ( , )

u h u x h x u y h y u t h t

u x y h x y u x t h x t u y t h y t

   

  
                  

So, by theorem 1, the equation has a unique continuous solution. see [15] 

3. THEOREMS AND PROPERTIES OF TRIPLE LAPLACE TRANSFORM 

Theorem: 3.1 (linearity of the triple Laplace transform)  

Let ( , , )f x y t and ( , , )g x y t  be  functions whose the triple Laplace transform exists then   
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     3 3 3( , , ) ( , , ) ( , , ) ( , , )L f x y t g x y t L f x y t L g x y t       

Where,  and are constants 

Theorem: 3.2   ( Convolution theorem )  

If,    3 3( , , ) ( , , ) , ( , , ) ( , , )L F x y t f L G x y t g        

and  3
0 0 0

*** ( , , ) ( , , ) ( , , )
x y t

L F G x y t F x y t G dxdydt                     

then,      3 3 3*** ( , , ) ( , , ) . ( , , ) ( , , ). ( , , )L F G x y t L F x y t L G x y t f g             

Property: 3.3 
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Property: 3.4 

If,  3 ( , , ) ( , , )L f x y t f      and 

0 0 0
( , , ) ( , , )

x y t

g x y t f u v w dudvdw                          

Then,  0 0 0

( , , )
( , , )
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f
L L L f u v w dudvdw
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
    

4.APPLICATION OF SOLUTION OF LINEAR VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS 

BY TRIPLE LAPLACE TRANSFORM 

Example 4.1: Consider the linear volterra integro-differential equation 

    

3 2

0 0 0

( , , ) sin
( , , ) ( , , ) ,

2

yx t
u x y t x y t

u x y t xcost u k r s dkdrds
x y t


   

                      (4)                      

With, ( , ,0) , ( ,0, ) cos , (0, , ) 0, (0,0, ) 0u x y x u x t x t u y t u t   
                                                                                     

( ,0,0) , (0, ,0) 0, (0,0,0) 0u x x u y u  
                                                           (5)

 

Solution:  By taking the triple Laplace transform to Equation (4), and double Laplace transform of initial 

conditions Equation (5): 

( , , ) ( ,0,0) (0, ,0) (0,0, ) ( , ,0) ( ,0, )u u u u u u                                  



 

Irish Interdisciplinary Journal of Science & Research (IIJSR)  

(Quarterly International Journal) Volume 3, Issue 4, Pages 67-72, October-December 2019 

 

70 | P a g e                                                                                                                    Website: www.iijsr.com 

2 2 3 2 2
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1 1
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2

1
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
                                                                                                                    (7)  

Substituting (7) in (6), simplifying, and we obtain, 

2
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    
            

 
   

                  

Appling inverse triple Laplace transform both sides, ( , , ) cosu x y t x t   

Example 4.2: Consider the linear volterra integro-differential equation 

3 2 2 2

0 0 0

( , , )
( , , ) 1 ( , , ) ,

8

yx t
u x y t x y t

u x y t xyt u k r s dkdrds
x y t


    

                   

(8)     

      

With  ( , ,0) ( ,0, ) (0, , ) 0u x y u x t u y t  
                                                        (9)

 

Solution:  By taking the triple Laplace transform to Equation (8), and double Laplace transform of initial 

conditions Equation (9): 

( , , ) ( ,0,0) (0, ,0) (0,0, ) ( , ,0)u u u u u                         

2 2 2 3 3 3

1 1 1 1
( ,0, ) (0, , ) (0,0,0) ( , , ) ( , , )u u u u u           

       
                (10) 

( , ,0) 0 , ( ,0, ) 0 , (0, , ) 0u u u                                                                                                         (11)  

Substituting (11) in (10), simplifying, and we obtain, 

2 2 2 3 3 3

2 2 2

2 2 2
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1 1 1
( , , ) 1 1
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u

u
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       

    
    

  
  

 
     

 

   
       

   


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Appling inverse triple Laplace transform both sides, 

                          ( , , )u x y t xyt  

Example 4.3: Consider the linear volterra integro-differential equation 

3 2 2 2

0 0 0

( , , )
( , , ) ( , , )

2

yx t
u x y t x yt xy t xyt

u x y t x y t u k r s dkdrds
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  
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                                      (12)  

With ( , ,0) , ( ,0, ) , (0, , ) , (0,0, )u x y x y u x t x t u y t y t u t t        

  

  

( ,0,0) , (0, ,0) , (0,0,0) 0u x x u y y u                                                                                      (13)            
 

Solution: By taking the triple Laplace transform to Eq. (12), and double Laplace transform of initial conditions 

Eq.(13)  

  
3 2 2 2
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0 0 0
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  
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2 2
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  
  
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 
 

 

   

     
             

     

 
  

 

  
           

Appling inverse triple Laplace transform both sides, 

                                ( , , )u x y t x y t    

5. CONCLUSION 

This work discussed the definition of the triple Laplace transform that was applied Some important theorems and 

properties have been presented for this relatively new transformation to find solutions for linear volterra 

integro-differential equations in three-dimensions. under the initial conditions, the triple Laplace transform study 

succeeded in achieving solutions. 
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