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ABSTRACT

1. INTRODUCTION

Linear integral equations are used to model many original in engineering, chemistry, and physics. Other disciplines,
Note that most integral-differential equations give solutions in a closed form. It is therefore important to propose
new methods of finding solutions to differential equations [1-3]. Many methods have been developed to solutions
the integral-differential equations of two-dimension templates , assembly method, the homotopy perturbation
method, the Adomian decomposition method, Laplace transform method, Sumudu transform method, Elzaki
transform method and many others. One example of linear integral-differential equations is the three-dimension
linear volterra (LVIDES), which are obtained from modeling in engineering applications. The general
three-dimension (LVIDES) in the following by: [14-15]

Ju(x,y,t)

X yt
Xy ot +u(x,y,t):g(x,y,t)+jIIH(x,y,t,k,r,s,u(k,r,s))dkdrds 1)

Xo Yo to
Where, u(x, Y ,t) are the unknown function, and the functions H and g are analytic in the domain of interest.

P. S. Laplace (1749-1827) introduced the idea of the Laplace transform in 1782: [2-6]

The Laplace transform denoted by the operator L is defined as

L[f (t):p)]=j0°°e-p‘f t)t , t>0 )

The triple Laplace Transform is denoted by:
L,[f (x,y.t):(c,p.6)]= .[:J':j:e"’x”’y”"f (x,y,t)dxdydt

Where, x,y,t >0and o, p,6 are Laplace variables (complex values), and

1 ca+io 1 (p+iw 1 pa+io
f — oX Py §tf
oy D= e[ e e (e pt)d S pld e -

is the inverse triple Laplace transform. (denoted by the operator Lgl ).
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The structure of this paper is organized as follows: In Section 2, we study the existence and uniqueness of the
solution of Eg. (1) , and In Section 3, we study basic definitions and the use of Linearity property, Convolution

theorem property of f (x,y,t), g(x,y,t) ,definitional and Integral property , and In Section 4 , the examples

application to solve linear volterra integro-differential equations in three-dimensions , finally the Conclusions of

this paper .
2. ON THE EXISTENCE OF THE SOLUTION (LVIDES) OF THE THREE-DIMENSIONAL [14]

In this subsection, we investigate the existence and uniqueness of solution of Eq. (1) , on the complete metric space

of complex valued continuous functions as follows:
M =[C(S.d)].d(g.z)=sup{|g(x,y.t)-z(x,y,t):(x,y t) eS|}
Where, S =[0,1]x[0,1]x[0,1]

Theorem: 2.1 Let g and H be continuous functions on [0,1]° and [0,1]x[0,1]xC respectively and there exists

nonnegative constant L <1such that

IH(x,y.t,k,rs,u(k,r,s)-H(Xx,y tk,rsv(k,r,s))|
<Llu(k,r,s)-v(k,r,s)|

Then,

ux,y,t)=g(x,y,t)+

Sy Sm—

yt
”H x,y.t,k,r,s,u(k,r,s))dkdrds
00

has only one continuous solution U on S .
Proof: For the proof, see [14]

Corollary: 2.2 If the hypothesis of theorem 1 hold, then the equation (1)

u(x,y,t) xRt
— 2 qulx,y,t)=0g(,y,t)+ H(x,y,t,k,r,s,u(k,r,s))dkdrds
oy (y)g(y)x{y{i(y (k,r,s))

with initial condition

u(0,0,0)=h,,u(x,0,0)=h,(x),u(0,y,0) =h,(y),u(0,0,t) =h,(t),
u(x,y,0)=h,(x,y)u(x,0,t)=hy(x,t),u(0y,t) =hg(y,t)

So, by theorem 1, the equation has a unique continuous solution. see [15]
3. THEOREMS AND PROPERTIES OF TRIPLE LAPLACE TRANSFORM
Theorem: 3.1 (linearity of the triple Laplace transform)

Letf (x,y,t)andg(x,y,t) be functions whose the triple Laplace transform exists then
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Ly[af (x,y. 1)+ Bg(x,y t)]=aly[f (x,y )]+ BLs[g(x,y )]
Where, « and 3 are constants

Theorem: 3.2 ( Convolution theorem )

If, L[F(x,y.t)]=f (6.0.6) , L[G(x,y.t)]=0(c,p,5)
and L,[(F ***G ) (x ,y,t)]=j: joy j;F(x —a,y - Bt —x)G (e, B, k) dxdydt

then, Ly[(F***G)(x,y t)|=L[F(x,y.1)]L,[G X,y .1)]=f (c.p.5).09(c. p.5)
Property: 3.3

o (x,y,t)

If, f (x,y,t)= Xy ot

BV D 5 5|2 006F (0. 9.6) + oF (6,0.0) 4 pF (0, p.0) +
Then, 3 axayat . !pu - ,0 1p1 g ] p !,01
o0F(0,0,0) — opF (o, p,0)—00F (0,0,5) — poF (0, p,0) — F (0,0,0)
Property: 3.4

If, L,[f (x,y.t)]=f (6,p.5) and

g(x ,y,t):_[oX joy I;f (u.v w )dudvdw

Then, LxLth{ijyjtf(u,v,w)dudvdw}:M
0 Jo Jo opd

4. APPLICATION OF SOLUTION OF LINEAR VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS
BY TRIPLE LAPLACE TRANSFORM

Example 4.1: Consider the linear volterra integro-differential equation

u(x,y,t)

+u(x,y t)—xcost—m+ﬁj[u(k r,s)dkdrds 4)
axayat ) 1 2 O 0 0 ) 1 k)

with, u(x,y,0)=x,u(x,0,t)=x cost, u(0,y,t)=0,u(0,0,t)=0

u(x,0,0)=x,u(0,y,0)=0,u(0,0,0)=0 (5)

Solution: By taking the triple Laplace transform to Equation (4), and double Laplace transform of initial

conditions Equation (5):

opou (o, p,d) +ol (o,0,0)+ o1 (0, p,0)+00(0,0,6) —opu (o, p,0)— ool (o,0,5) —
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1 1 1 o 1
ou (0, p,0)-0(0,0,0)+0 (o, p,0) = - a(o,p,o 6

pou (0, p,6)-0(0,0,0)+0 (o, p,5) 0'2,0|:1+52} GSPZLMJ ops I (0, p,6) (6)
70, p.5) =0, 01(0,0,8) =—=| -2 | .7(5 p,0) = — 0)=0

p) 52 1 ’ ,01 0_2 ’
_ 1 _
7(.0,0) == ,7(0,0,0)=0 )

(o2

Substituting (7) in (6), simplifying, and we obtain,

_ 1 1 o 1 1 1] &7
u(o,p,0)| opd+1- =— = |- — |+ =| —
opd | o°pll+o o’p | 1+06 o|lo +1
u(o,p,0)| opd+1- 1 ]2' [ ° 2} 1- 1 + opo
opd | o'pll+o opo

_ 1 o

Appling inverse triple Laplace transform both sides, U (X, Yy ,t) = X cost

Example 4.2: Consider the linear volterra integro-differential equation

63U(X,y,t) y2t2 Xyt
————+u(x,y,t)=xyt +1-2 + u(k,r,s)dkdrds,

Ox dy ot 2[?[‘([ (8)
with u(x,y,0)=u(x,0,t)=u(0,y,t)=0 )

Solution: By taking the triple Laplace transform to Equation (8), and double Laplace transform of initial

conditions Equation (9):
opdu (o, p,8) + ol (o,0,0)+ a1 (0, p,0)+50(0,0,5) —opl (o, p,0)—

1 1 1 1
ST (0,0,8) — psa (0, p,5) -7 (0,0,0)+T (o, p,5) = + +——0(o,p,6 10
oot (0,0,6) - pou (0, p,6) -0 (0,0,0) +U (o, p, ) 025 ops oS opd (o,p,0)  (10)

u(o,p,00=0 ,0(0,0,0)=0 ,u(0,p,0)=0 (11)

Substituting (11) in (10), simplifying, and we obtain,

_ 1 1 1 1
u(o,p,0)| opd+1- =———+ -
opd | o°pd° opo opo
u (o, p,9) L+1—(7,05 =; 1+0705—i
opo o’ p’s° opd
_ 1
U(G!paé):m
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Appling inverse triple Laplace transform both sides,
u(x,y,t)=xyt
Example 4.3: Consider the linear volterra integro-differential equation

X2yt Xyt +xyt?
ox oy ot 2

+X +Yy +t -

Sy Imm——
O <

j u(k,r,s)dkdrds (12)
0

Withu(x,y,0)=x +y,u(x,0,t)=x +t, u(0,y,t)=y +t,u(0,0,t) =t
u(x,0,0)=x,u(0,y,0)=y,u(0,0,00=0 (13)

Solution: By taking the triple Laplace transform to Eg. (12), and double Laplace transform of initial conditions
Eq.(13)

2 2
L, _ou_ +L,[u(x,y t)] =L, XYt Xyt +xyt X +Y +t—
ox oy ot 2

o'.—.x

ﬂu(k ,r,s)dkdrds}

opdu (o, p,0)+ ol (o,0,0)+ pa (0, p,0)+6u(0,0,0) —opl (o, p,0)—

1 1 1

3 + 3 + 3 +
o’pd op’6 opod

o8 (c,0,8) — psa (0, p,8) - (0,0,0) +T (o, p,5) =

1 1 1 1
2 < T 2.t 2
o'po op°o opd° opd

T (. p,0) = pr %} T(c,0,5) = [%+%} 70, p.6) = {;5 +L}

J(a,O,O):iz,u—(o,p,O)—iz 7(0,0,8) =~ ,77(0,0,0) =0
(o2

u(o,p,0)

u(o,p,0) i+ap5+l —+O'p5+1 12 L+a,o5+1 +
opd o p5 op o | opo

+0opd +1
0p52{ g }
1

+
o’ pd 0,025 0p52

u(o,p,0)=

Appling inverse triple Laplace transform both sides,
ux,y,t)=x +y +t
5. CONCLUSION

This work discussed the definition of the triple Laplace transform that was applied Some important theorems and
properties have been presented for this relatively new transformation to find solutions for linear volterra
integro-differential equations in three-dimensions. under the initial conditions, the triple Laplace transform study
succeeded in achieving solutions.
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