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1. INTRODUCTION 

The binary quadratic Diophantine equations of the form  0,,,22  NbaNbyax   are rich in variety 

and have been analyzed by many mathematicians for their respective integer solutions for particular values 

of a,b and N. In this context, one may refer [1-13]. In this communication concerns with the problem of 

obtaining non-zero distinct integer solutions to the binary quadratic equation  1532 22  yx  given by 

representing hyperbola. A few interesting relations among its solutions are presented. Also, knowing an 

integral solution of  the given hyperbola, integer solutions for other choices of hyperbolas and parabolas are 

presented. 

 

2. METHOD OF ANALYSIS 

The binary quadratic equation representing hyperbola is given by 

 1532 22  yx   (1) 

 

Taking TXyTXx 2,3   (2) 

in (1.1), it simplifies to the equation 

 156 22  TX   (3)  

 

The smallest positive integer solution  00 , XT  of (3) is 

 3,2 00  XT   

 

To obtain, the other solutions of (3), consider the pellian equation 

 16 22  TX     (4)  
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whose smallest positive integer solution is 

5
~

,2
~

00  XT     (5) 

 

The general solution  nn XT
~

,
~

 of  (4) is given by 

  ...2,1,0,625
~

6
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nTX
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Since, irrational roots occur in pairs, we have   ...2,1,0,625
~

6
~ 1




nTX
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nn (6) 

 

From (5) and (6), solving for 
nn TX

~
,

~
 , we have 

   

   

n

nn

n

n

nn

n

g

T

f

X

62

1

625625
62

1~

2

1

625625
2

1~

11

11







 







 





 

 

Applying Brahmagupta lemma between the solutions  00 , XT  and  nn XT
~

,
~

, the general solution 

 11 ,  nn XT  of (1.3) is found to be 

nnn gfT
4

6
1 

   (7) 

nnn gfX 6
2

3
1    (8) 

 

Using (7) and (8) in (2) we have 

nn
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TXx
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3 111



 

(9)
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TXy
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(10) 

 

Thus, (9) and (10) represent the integer solutions of the hyperbola (1). A few numerical examples are given 

in the following table 1:   

   

Table 1: Examples 

n  1nx
 1ny

 

1  9  7  

0  87  71  
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1 861 703 

2 8523 6959  

3  84369 
68887
 

4  835167 
681911
 

 

Recurrence relations for x and y are given by: 

010 123   nnn xxx   (*) 

010 123   nnn yyy             (**) 

 

A few interesting relations among the solutions are given below: 

1) .065 212   nnn yxx  

2) .012 213   nnn yxx  

3) .045 211   nnn yxy  

4) .04945 213   nnn yxy  

5) .06549 312   nnn yxx  

6) .06049 313   nnn yxx  

7) .04049 131   nnn xyy  

8) .05449 312   nnn yxy  

9) .010 321   nnn xxx  

10) .05496 321   nnn xxy  

11) .056 322   nnn xxy  

12) .056 323   nnn xxy  

13) .065 121   nnn yxx  

14) .065 121   nnn yxx  
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15) .045 212   nnn xyy  

16) .08 123   nnn yxy  

17) .06049 131   nnn yxx  

18) .06549 132   nnn yxx  

19) .05449 132   nnn yxy  

20) .04049 133   nnn yxy  

21) .045 233   nnn yxy  

22) .010 123   nnn yyy  

23) .065 332   nnn yxx  

24) Each of the following expressions represents a cubical integer 

 
 

15

713771
2714333  

nxnnn xxx
 

 
 

25

116314116
21414333  

nynnn xyx
 



 
245

11483141148
31415333  

nynnn xyx
 



 
60

281232842812
328425343  

nxnnn xxx
 

 
 

25

12314212
114223343  

nynnn xyx
 



 
5

1163142116
214224343  

nynnn xyx
 



 
25

114831421148
314225343  

nynnn xyx
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245

123140612
1140633353  

nynnn xyx
 



 
25

11631406116
2140634353  

nynnn xyx
 



 
5

1148314061148
3140635353  

nynnn xyx
 

 
 

10

63586
15823343  

nynnn yyy
 

 
 

100

635746
157433353  

nynnn yyy
 

 
 

10

58357458
257434353  

nynnn yyy
 

 
 

10

58357458
257434353  

nynnn yyy
 

25) Each of the following expressions represents the Nasty number: 

 
15

42426180 3222   nn yx
 

 
25

84696300 3222   nn yx
 

 
245

8468882940 4222   nn yx
 

 
60

170416872720 4232   nn xx
 

  
25

85272300 2232   nn yx
 

 
5

85269660 3232   nn yx
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25

8526888300 4222   nn yx
 

 
245

8436722940 2242   nn yx
 

 
25

8436696300 3242   nn yx
 

 
5

6276688860 4242   nn yx
 

 
10

34836120 2232   nn yy
 

 
100

3444361200 2242   nn yy
 



10

3444348120 3242   nn yy
 

  
100

2828121200 4222   nn xx
 

26) Each of the following expressions represents the bi-quadratic integer: 
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3. REMARKABLE OBSERVATIONS 

1) Employing linear combinations among the solutions of  (4.1), one may generate integer 

solutions for other choices of hyperbola which are presented in table 2 below                            

 

Table 2: Hyperbola 

S.NO HYPERBOLA  nn YX ,
 

1 54006
22
 nn YX

 
 1221 17418,771   nnnn xxxx

 

2 150006
22
 nn YX

 
 1221 28436,14116   nnnn xyyx

 

3 14406006
22
 nn YX

 
 1331 281236,141148   nnnn xyyx

 

4 864006
22
 nn YX

 
 2332 6888696,2842812   nnnn xxxx

 

5 150006
22
 nn YX

 
 2112 28348,14212   nnnn xyyx

 

6 6006
22
 nn YX

 
 2222 284348,142116   nnnn xyyx

 

7 150006
22
 nn YX

 
 2332 2812348,1421148   nnnn xyyx

 

8 14406006
22
 nn YX

 
 3113 283444,140612   nnnn xyyx

 

9 150006
22
 nn YX

 
 3223 2843444,1406116   nnnn xyyx

 

10 6006
22
 nn YX

 
 3333 28123444,14061148   nnnn xyyx

 

11 24006
22
 nn YX

 
 2112 14142,586   nnnn yyyy

 

12 2400006
22
 nn YX

 
 3113 141406,5746   nnnn yyyy

 

13 24006
22
 nn YX

 
 3223 1421406,57458   nnnn yyyy

 

14 86400006
22
 nn YX

 
 1331 688872,282812   nnnn xxxx
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2) Employing linear combination among the solutions for other choices of  parabola which are presented 

in the table 3 below 

Table 3: Parabola 

 

3)  Properties 

Let qp,  be two non-zero distinct integers such that 0 qp , treat qp, as the generators of the Pythagorean 

triangle   ,,T  

where 0,,,2 2222  qpqpqppq   

Treating 111 ,   nnn xqyxp ,  it is observed that   ,,T  is satisfied by the following relations: 

1523    

 
P

A
4  

Consider 
2

1
,

2

1 11 



  nn y

M
x

N  

It is observed that 

232 ,3,3  MN tt , Mt ,3  Triangular number of rank M. 

Suppose we take 
4

11  ny
M  

It is seen that 

232 ,6,3  MN tt , Mt ,6 Hexagonal number of rank M. 

112  nn yx
P

A
 

S.NO PARABOLA  nn YX ,
 

1 540090
2

 nn XY
 

 123222 17418,77130   nnnn xxxx
 

2 15000150
2

 nn XY
 

 123222 28436,1411650   nnnn xyyx
 

3 14406001470
2

 nn XY
 

 134222 281236,141148490   nnnn xyyx
 

4 86400360
2

 nn XY
 

 234232 6888696,2842812120   nnnn xxxx
 

5 15000150
2

 nn XY
 

 212232 28348,1421250   nnnn xyyx
 

6 60030
2

 nn XY
 

 223232 284348,14211610   nnnn xyyx
 

7 15000150
2

 nn XY
 

 234232 2812348,142114850   nnnn xyyx
 

8 14406001470
2

 nn XY
 

 312242 283444,140612490   nnnn xyyx
 

9 15000150
2

 nn XY
 

 323242 2843444,140611650   nnnn xyyx
 

10 60030
2

 nn XY
 

 334242 28123444,1406114810   nnnn xyyx
 

11 240060
2

 nn XY
 

 212232 14142,58620   nnnn yyyy
 

12 24000600
2

 nn XY
 

 312242 141406,5746200   nnnn yyyy
 

13 240060
2

 nn XY
 

 323242 1421406,5745820   nnnn yyyy
 

14 86400003660
2

 nn XY
 
 134222 688872,2828121200   nnnn xxxx
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where PA,  represents the area and perimeter of   ,,T  

Let M, N be two non-zero distinct positive integers. 

 

 

4. CONCLUSION 

In this paper, we have presented infinitely many integer solutions for the Diophantine equation, represented by 

hyperbola is given by 15322 22  yx . As the binary quadratic Diophantine equations  are rich in variety, one 

may search for the other choices of equations and determine their integer solutions along with suitable properties. 
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